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Abstract
Following in the footsteps of Parmeggiani and Stellmacher, we finish the classification of finite p-groups
of breadth 3.
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Let p be a prime and P be a finite p-group, x ∈ P. The breadth of x in P is defined as
b(x) = logp
(∣∣P : CP(x)∣∣).
The breadth of the whole group is
b(P ) = max{∣∣b(x)∣∣ ∣∣ x ∈ P }.
In their paper [PSt], G. Parmeggiani and B. Stellmacher give a almost complete description of the
finite p-groups of breadth at most 3, proving two theorems, which we will refer to as Theorems
A and B throughout.
Theorem A. Let P be a finite p-group of breadth 2. Then one of the following holds:
(1) |P ′| = p2.
(2) |P : Z(P )| = p3 = |P ′|.
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of P and let R =⋂x∈BA [A,x]. Then one of the following holds:
(1) |P ′| = p3.
(2) bA  2 and |P : Z(P )| = p4.
(3) bA  2, |P ′| = p4, |R| = p and |P/R : Z(G/R)| = p3.
(4) p = 2, bA  2, and |P ′| = 16.
This paper is about the classification of the groups in the fourth category of Theorem B.
The finite 2-groups of breadth 3 shall be subdivided into 4 categories,of which the first three
have counterparts in Theorem B, while the fourth is a genuinely novel case that splits into 5
subdivisions, introduced as the groups (4.1)–(4.5) (see below).
Notation. Standard notation shall be employed such as [x, 0y] = x[x, n+1y] = [[x, ny], x],
n ∈ N, and En denoting the elementary Abelian group of order n if n is a prime power.
We are also going to use some of the notation introduced in [PSt]: If U  P and x ∈ P, then
let bU(x) = logp(|U : CU(x)|) and let bU(P ) = max{c | |U : CU(x)| = pc}. Let A be an Abelian
normal subgroup of G. If y ∈ G, then y ∈ BA if bA(y) = bA(P ), while if CA(y)  A, then
y ∈ TA.
If x ∈ P \A, then let
Mx = ACP (x),
Px = 〈Max | a ∈ A〉,
Dx =⋂a∈AMax.
The groups (4.1)–(4.5)
(4.1) There are i, j ∈ N with G ∼= Gˆ/〈x4i , y4j 〉, where γ4(Gˆ) = 1 = 2(γ2(Gˆ)) = 1(γ3(Gˆ)),
and Gˆ is free in the category of these groups.
(4.2) There are i, j ∈ N with G = Gˆ/〈x4i , y2j 〉, Gˆ = 〈x, y | [x, y]y = [y, x], [y, 2x]2 =
[y, 3x]2 = 1 = [y,2x, y] = [y,3x, y] = [y, 4x]〉.
(4.3) There are i, j, k ∈ N with G = Gˆ/〈x4i , y2j , z2k〉, Gˆ = 〈x, y, z〉 has γ4(G) = 1 =1(γ3(G)), and, apart from that, is defined by the relations [x, y]4 = 1 = [x, y]2[x, y, y] =
[x, y, z] = [x, z]2 = [x, z, z] = [x, z, y] = [x, z, x] = [y, z].
(4.4) There are i, j, k,  ∈ N with G = Gˆ/〈x2i , y2j , a2k, t2〉, Gˆ = 〈t, a, x, y〉 of class 3 with ad-
ditional relations [x, a]2 = 1 = [x, a,w] = 1 = [y, t,w] = [y, t]2, w ∈ {a, t, x, y}, [x, t] =
[y, t][y, a] = 1, [x, y]4 = 1 = [x, y, a] = [x, y, t] = [x, y, y][x, y]2 = [x, y, x][x, y]2,
[t, a] ∈ 〈[x, y]2〉.
(4.5) There are i, j, k, ,m ∈ N such that G = Gˆ/〈x2i , v2j , v2k1 , v22 , v2m3 〉, and Gˆ = 〈x, v, v1,
v2, v3〉 is of class 2 with Φ(Gˆ) Z(Gˆ) and is otherwise defined by [v2, x] = 1 = [v1, v] =
[v3, x][v3, v], [vi, vj ] 〈[v3, x]〉.
We are going to prove the following:
Theorem. Let P be a finite 2-group of breadth 3. Then one of the following holds:
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(2) |P : Z(P )| 24.
(3) |P ′| = 24, and there is R, R Ω1(Z(G)), |R| = 2, such that |P/R : Z(P/R)| 23.
(4) |P ′| = 24 and P is a central product GCP (G), with CP (G) is Abelian and G one of the
groups (4.1)–(4.5).
Every group mentioned has breadth at most 3.
The following is part of Lemma 5 of [PSt]. We provide a short proof.
Remark 1. Let P be a finite p-group and let A be an Abelian normal subgroup of P ; let x ∈ P
and a ∈ A. Then:
(a) [a,Mx ∩Max] [A,x].
(b) [x,Px] [A,P ].
(c) [A,Dx] [A,x] = [Dx,x].
Proof. Let y ∈ Max; then y = bc with b ∈ A and [ax, c] = 1 = [c, x][c, a]x; thus [c, x] ∈
[A,P ], which implies (b). If y ∈ Mx ∩Max, then y = bc with b ∈ A and c ∈ CP (ax)∩ACP (x),
whence [a, c] = [c, x]x−1 and [c, x] ∈ [A,x]. Thus [a, y] ∈ [A,x], this is (a). Note that (a)
straightforwardly implies that [A,Dx]  [A,x]; since A  Dx Mx, [Dx,x] = [A,x], prov-
ing (c). 
Remark 2. (See [PSt, Lemma 6].) Let P be a finite 2-group of breadth 3 and A a maximal
Abelian normal subgroup of P with bA = 2. Then [A,x]  P for x ∈ BA.
Proof. Indeed, |P : Max | p, a ∈ A so, by 1(c), Dx  P 	 [A,x] = [A,Dx]. 
Finite 2-groups corresponding to the criteria laid down in 1, 2, 3, 4 of the theorem are going
to be referred to as groups of type 1, 2, 3, 4, respectively.
The following lemma shows that the groups of type 4 are all made from the same mould in
some sense.
Lemma 3. Let G be among the groups (4.1)–(4.5). Then G is not of type 1, 2 or 3, and there is
Q charG such that
(a) |G : Q| = 4,
(b) Z(G) ⊆ Φ(G) ⊆ Q ⊇ 〈w | w ∈ G, b(w) 2〉,
(c) [Q,G] ∼= Q/Z(G) ∼= E8,
(d) [G,Q] Z(Q).
(e) If G = 〈Q,x,y〉, then CQ(x)∩CQ(y) = Z(G) and [G,Q] = [Q,x][Q,y].
(f) ⋂x∈G\Q[x,Q] = 1.
Proof. Let G = 〈x, y〉 be of type (4.1) Let B = 1(γ2(G))γ3(G) and let {u,v} = {x, y}.
Then [u,v2] = [u,v]2[u,v, v], thus Z(G) = 〈y4, x4,B〉, whence |G : Z(G)| = 25. Fur-
thermore, Φ(G) = 〈B,x2, y2, [x, y]〉 is Abelian, while Φ(G)/Z(G) ∼= E8, Φ(G) = Z2(G),
B〈[x, y]〉 = G′.
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that, moreover, [Q,G] = B = G′ ∩ Z(G). Letting {u,v} = {x, y} again, we see that [Q,u] =
〈[u,v]2[u,v, v][u,v,u]〉, while [Q,uv] = 〈[u2, v], [v2, u]〉. Thus if w ∈ G \Q, then bQ(w) = 2
and b(w) = 3, in particular b(G) = 3 and (b) holds as well as (f). Letting w ∈ xQ∪ yQ∪ xyQ,
we have CQ(w) = 〈w2〉Z(G), this is the remaining bit of (e).
Let r ∈ Ω1(Z(G))\1; then there is u ∈ G\Q with r /∈ [Q,u]. Thus Z(G/〈r〉) CQ(x)/〈r〉,
so |G/〈r〉 : Z(G/〈r〉)| 24 and G is not of type 3.
Next, consider G = 〈x, y〉 of type (4.2). Note that cl(G) = 4 and that Z(G) = 〈x4, y2, [x, y]2,
[y, 3x]〉, so |G : Z(G)| = 25. Furthermore, Z2(G) = 〈Z(G), [y, 2x]〉 while [y, x, x2] = [y, 3x],
whence [Z2(G),G] = Φ(G)′ and Z2(G) = Z(Φ(G)). As |G : Z2(G)| = 24, G is most certainly
not of type 3. If v ∈ Φ(G), then |Φ(G) : CΦ(G)(v)| 2; in particular, b(v) 3.
Let Q = Φ(G) = Z3(G). Then (a) holds, and we have seen (d). Furthermore, Q/Z(G) =
〈x2, [x, y], [y, 2x]〉Z(G)/Z(G), so Q/Z(G) ∼= E8 ∼= 〈[y, 2x], [y, 3x], [y, x]2〉 = [Q,G], this
is (c). If q ∈ Q, then CQ(yq) Z(Q) = Z(Φ(G)), while 〈[xq,Z(Q)]〉 = 〈[xyq,Z(Q)]〉 = Q′.
Furthermore, [y, x2] = [y, 2x] /∈ Q′, so CQ(yq) = Z(Q) = CQ(y) and [yq,Q]Q′/Q′ =
〈[y, 2x], [x, y]2〉Q′/Q′. If w ∈ xQ ∪ xyQ, then w2 ∈ x2G′ and [w2,G′] = 1. Thus w2 ∈
CQ(w) \ Z(Q). If q ∈ Q and [q,w2] = 1, then [wq,w2[y, 2x]] = 1. Moreover,
[y, 3x] ∈ [wq,Q], whence [wq,Q] = [w,Q]. As [x,Q] = 〈[y, 2x], [y, 3x]〉 and [xy,Q] =
〈[y, x]2[y, 2x], [y, 3x]〉, we have (b) (e), (f).
Next, let G = 〈x, y, z〉 be of type (4.3). By definition, {y2, z2, x4} ⊆ Z(G); note that G′ =
〈[x, y], [x, z], [x, y, x]〉. Furthermore, Z2(G) = 〈Φ(G), z〉 is Abelian, while Φ(G)/Z(G) =
〈x2, [x, y]〉Z(G)/Z(G). Let Q = Z2(G); then (a) holds. Note that [Q,x] = 〈[x, z], [y, 2x]〉,
[Q,y] = 〈[x, y]2, [y, 2x]〉 and [Q,xy] = 〈[x, y]2[y, 2x], [x, z]〉, while CQ(x) ∩ CQ(y) =
〈[x, y]2, x4, z2, y2, [y, 2x]〉 = Z(G). Consequently, |G : Z(G)| = 25, while (c), (e) and (f) hold,
and, finally, bQ(w) = 2 and b(w) = 3 whenever w ∈ G \ Q, this is (b). If r ∈ Ω1(Z(G)) \ {1},
then Z(G/〈r〉) ⊆ CZ2(G)(w)/R for at least one w ∈ {x, y, xy}. Each of these three being of
breadth 3, G cannot be of type 3.
Let G = 〈x, y, a, t〉 be of type (4.4) and let Q = 〈a, t,Φ(G)〉. Then Q = Z2(G) and (a) is
satisfied. Note that Q/Z(G) = 〈aZ(G), tZ(G), [x, y]Z(G)〉 ∼= E8 ∼= [Q,G], this is (c). Fur-
thermore, [Q,x] = 〈[x, y]2, [x, a]〉, [Q,y] = 〈[x, y]2, [y, a]〉 and, as [y, a] = [y, t], [q, xy] =
〈[x, a], [y, a]〉. Moreover, Φ(G′) = 〈[x,CQ(xy)]〉 Q′ and Q is Abelian or Z(Q)  CQ(xy).
Now if q ∈ Q and w ∈ xQ∪ yQ, v ∈ CQ(w) \Z(G), then if [wq,v] = 1, then [wq,v[x, y]] =
[w, [x, y]][q, v] = 1 and [[x, y],wq] = [[x, y],w]. Accordingly, [Q,w] = [Q,wq]. Further-
more, CQ(xyq) = Φ(G)  Z(Q) and [x, y]2 /∈ [Q,xyq]. So (e) and (f) are satisfied, while
bQ(v) = 2 for v ∈ G \ Q and, if G = 〈Q,u,v〉, then Z(Q)  CQ(u) ∩ CQ(v) = Z(G). Fi-
nally, Z(G) = [Q,G]〈x2, y2, a2, t2〉, so (b) and (d) hold, while |G : Z(G)| = 25. As Z(G) 
G′ = [Q,G] and we already have established (f), G cannot be of type 3.
Finally, let G = 〈x, v, v1, v2, v3〉 be of type (4.5) and let Q = 〈{[x, v], v1, v2, v3}G〉. Then (a)
holds, while (c) is obvious because of cl(G) = 2. If w ∈ xQ∪yQ and q ∈ Q, then, as 〈[w,v3]〉
Q′ either CQ(w) = CQ(wq), or there is h ∈ CQ(w) with [hv3,wq] = 1 = [h,w][q, v3]. In other
words, CQ/Q′(wq) = CQ(wq)Q′/Q′ = CQ(w)Q′/Q′ whence bQ(wq) = 2 and [Q,wq] =
[Q,w]. As [vxq, v3] = 1 and [v3, x] /∈ [vxq,Q] = 〈[v1, x], [v2, v]〉, we obtain that (d), (e) and
(f) are satisfied, while bQ(y) = 2 whenever y ∈ G \Q. If G = 〈Q,u,y〉, then CQ(y)∩CQ(u) =
Φ(G) = Z(G).
In particular, |G : Z(G)| = 25, while G′ = 〈[x, v][Q,G]〉, a group of order 16. As [Q,x] ∩
[Q,v]∩[Q,vx] = 1 and [G,x]∩[G,v1v] = 〈[x, v3], [x, v][x, v1]〉, whereas [G,v2x]∩[G,v] =
〈[x, v3], [x, v][v, v2]〉, G cannot be of type 3, either.
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of breadth 3, while each of v1, v2, v3 is centralised by one of x, v, xv; so Q = 〈w | w ∈ G,
b(w) 2〉. 
Lemma 4. Let H be a finite 2-group of breadth 3 and G of type 4 with G < H. Then H =
GCG(H) and CG(H)′ = 1.
Proof. If H were of type 1, 2 or 3, then so would be its breadth-3-subgroups, whence G′ = H ′
and G H.
Let c ∈ H \G and let K = G〈c〉. Let G = 〈Q,u,v〉. As bG(u) = 3, by (b), we may presume
[c,u] = 1 and as K 	 [Q,G]  K ′ by (c), we may take [c, v] ∈ [Q,G], replacing c by cu if
necessary. By (b), c ∈ GCK(v). As CG/[G,Q](v) = 〈Qv〉, we find that [v, c] ∈ [v,Q]. There is
h ∈ G with [uv,h] = [uv, c] ∈ [Q,G], so [v, c] = [uv, c] ∈ [Q,v] ∩ [Q,uv] = [CQ(u), v] by
(b) and (e). Let CQ(u) = 〈Z(G),q〉; then either [c, v] = 1 = [c,u], or [cq, v] = 1 = [cq,u].
If G is of type (4.1) or (4.2), then this shows H = GCH(G).
Let G = 〈x, y, z〉 be of type (4.3) and c ∈ H \ G, K = 〈c,G〉. We have seen that we
may assume [c, x] = 1 = [c, y]. Then [c, x2] = 1 = [c, y2] = [c, (xy)2] = [c, [x, y]]. As =
[c, [x, y, x]]; now 〈[x, z]〉 = [x,CQ(y)], so [c,G′] = 1. Furthermore, [c, z] ∈ CG′(y) = Ω1(G′).
This entails that [c, z2] = [c, z]2 = 1, and hence [c,Φ(G)] = 1. By (b), b(yz) = 3 = b(xz) =
b(xyz). Thus if w ∈ {yz, xz, xyz}, there is hw ∈ G such that [w,c] = [z, c] = [hw,w]. Since
[c, z] ∈ Ω1(G′), this implies that [c, z] ∈ [Q,x] ∩ [Q,y] ∩ [Q,xy] = 1 by (e).
Let G = 〈t, a, x, y〉 be of type (4.4), K = 〈c,G〉. Again, we may presume [x, c] = 1 =
[y, c]. Then [[x, y], c] = 1. Since 〈[a, x]〉 = [CQ(y), x] and 〈[t, y]〉 = [CQ(x), y], we ob-
tain [c,G′] = 1. As Φ(G) = 〈[x, y],Z(G)〉, [c, t] ∈ CG′(x) and [c, at] ∈ CG′(y), we get
[c,G] ⊆ Z(G) ∩ G′ = [Q,G] = Ω1(G′). Any w ∈ G may now be written as w = w1w2
where w1 ∈ CG(c) and w2 ∈ Q = CG(Φ(G)); as [c,G′] = 1, w2 = w21w22r with [c, r] = 1.
Hence [c,w2] = [c,w22] = [c,w2]2[c,w2,w2]. Now G′ ∩Z(G) is elementary Abelian by (c), so
c ∈ CG(Φ(G)), in particular, Z(G) ⊆ Z(K) and c ∈ Z2(K). According to (b), bG(xt) = 3 =
bK(xt); replacing {x, y} by {xt, y}, we find g ∈ G with [cg, xt] = [cg, y] = 1. This implies that
[c, t][g,x] = 1 = [g,y]. As [c,G] ⊆ Z(G), g ∈ CQ(y) = 〈at,Φ(G)〉, implying [c, t] ∈ 〈[x, a]〉.
Now consider the pair x, yt instead of xt , y to obtain that [c, t] = [c, yt] ∈ [y,CQ(x)] = 〈[y, a]〉.
Thus [c, t] = 1. Considering the pairs yat , x and y, xat, we obtain [c, at] = 1. So [c,G] = 1.
Finally, let G = 〈x, v, v1, v2, v3〉 be of type (4.5), and recall that Q = 〈Φ(G), v1, v2, v3〉.
Let c ∈ H \ G and K = 〈c〉G. We may take [c, x] = 1 = [c, v]; As c centralises [v, x] as well
as [CQ(w),w′], whenever w,w′ ∈ {v, x, vx}, we obtain [G′, c] = 1; thus [c, x2] = [c, v2] =
[c, q]2 = 1, q ∈ Q. Hence [c,Φ(G)] = 1, in particular, [c,Z(G)] = 1. As G′ ∼= E16, this implies
[c2,G] = 1.
We are going to show that there is no d ∈ Q with [cx, d] = 1 = [d, c]. Suppose there was.
Then, since G = 〈x, vd,Q〉, there is g ∈ G such that [cg, x] = [cg, vd] = 1. However, this
implies that [x, d] = [c, d] = [g, v][g,d]. Observe that this equality necessitates g ∈ C〈x〉Q(x)∩
Q〈v〉 = CQ(x) = 〈v2,Z(G)〉 as well as [x, d] = [c, d] ∈ [g, v]Q′. However, [v2, v] /∈ [x,Q]. So
g ∈ Z(K), whence [c, d] = 1, after all.
As [v,Q]  [x,CQ(v)] = 〈u1〉, there is no d ∈ Q with [d, vc] = 1 = [d, c] = [d, v], either.
We need only employ the pair v, xd instead of x, vd; likewise there is no d ∈ Q, with [vxc, d] =
[c, d] = 1.
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cording to Lemma 11 of [PSt], bQ(K) 2; hence CQ(wc) = CQ(w) ⊆ CQ(c) for w ∈ {x, y, xy}
and [c,Q] = [c,G] = 1.
If Q is non-Abelian, then bG(v1v2v3) = 3 = bG(v1v2). Hence {[c, v1v2v3], [c, v1v2]} ⊂
[Q,G]. Assume that [c,Q]  [Q,G] and let A = 〈v1v2, v3, Z(G)〉; then A is a normal
Abelian subgroup of K and, since [A,x][A,y] = [Q,G], [A,K] = [Q,G]. Consider the group
Mcx = ACK(cx). We know that bA(cx) = 2, whence Mcx  K. Since we are assuming that
[c,Q]  [G,Q], Q  Mcx; so there is q ∈ Q with Mcx = 〈A,c, x, qv〉. According to 1(c),
[Gcx, cx] [Q,G], which implies that Mcx = Gcx = Dcx. However, applying 1(b), we obtain
that [A,Mcx] = [A,cx]. On the other hand, [A,x] = [Q,x] and [A,qv] = [Q,qv] = [Q,v],
which is a contradiction.
We have shown that [Q,K] = [Q,G]. Now let w ∈ {x, v, vx}. If bQ(cw) = 3, then [Q,cw] =
[Q,G]; u ∈ [cw,G], b(cw) = 4, which cannot happen. So bQ(cw) 2, which, as before, im-
plies that [c,Q] = 1.
We have found that H = GCH(G) in all cases. Let C = CK(G); as G′ ∩ Z(G) ⊆ [Q,G],
which is elementary Abelian, C′ ⊆ G′ ∩ Ω1(Z(G)); in particular, cl(C)  2. Assume C to be
non-Abelian and let c, d ∈ C with [c, d] = 1. Let x ∈ G \ Q with [c, d] /∈ [x,Q]—by (e), such
an x exists. Since [c, d] = [xc, d], and [xc, g] = [x,g] whenever g ∈ G, there is no g ∈ G
with [xc, d] = [xc, g]. Yet bK(cx)  3, and so K = GCK(cx); this is a contradiction. So C is
Abelian. 
Satisfying the conditions of 1, 2 or 3 extends to breadth-3-subgroups of a given finite 2-group.
Let K be a 2-group of breadth 3 that does not belong to one of the classes 1, 2 or 3; then K has
a subgroup G that is minimal with respect to this property, i.e. b(G) = 3, while every proper
subgroup of G either is of breadth less than 3 or is contained in one of the classes 1, 2, or 3.
Theorem B says |G′| = 24 = |K ′|, and G is normal in K.
During the remainder of the paper, we aim to prove that G is of type 4.
Plainly, Z(G) ⊆ Φ(G), because for any proper subgroup H of G, Z(G)H is contained in
class 1, 2, or 3 if and only if H is.
Let the canonical homomorphism G → G/Φ(G) be denoted by g → g¯.
If [G′,G]U G′, then let DU denote the inverse image of Z(G/U).
Note on the proof. After some introductory remarks, we first aim to show that G is generated by
no more than 5 elements. This, alongside the establishment of some properties of G dependent
on the specific number of generators will be the work of Lemmas 9 up to 13. The remaining 5
Lemmas each produce one the types (4.1)–(4.5).
The first remark is meant to serve as a reminder of some generally known facts about p-groups
and will be used without reference.
Remark 5. Let p a prime, P be a finite p-group. Then:
(a) Either Φ(P ) Z(P ), or Z(Φ(P )) = Φ(P )∩Z(P ).
(b) [Φ(P ),P ] = Φ(P ′)[P ′,P ].
(c) Let N be a normal subgroup of G. If N  Z(P ), then [N,Φ(P )] = [N,P ].
Proof. Let z ∈ G with z(Z(P )) ∈ Ω1(Z(P/Z(P ))). Then [z,Φ(G)] = 1. This proves (a). If
x, y ∈ P, then [x, yp][P ′,P ] = [y, x]p[P ′,P ], this is (b). To see (c), let P = Φ0 and let Φi =
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Three Subgroup Lemma. If x ∈ N and y ∈ P, then [x, yp][N,P,P ]Φi = [x, y]p[N,P,P ]Φi =
[N,P,P ]Φi. So [N,Φ(P )] [N,P,P ]Φi, this is (c). 
Remark 6. Let p be a prime and P a finite p-group. Let QP and suppose that Q′ = P ′. Then
there is P 	 S  P ′ with Q′  S such that |G/S : Z(G/S)| ∼= Ep2 .
Proof. As Q′  P, Q′ is contained in a maximal subgroup S of P ′ with Φ(P ′)[P ′,P ]  S. If
P = 〈Q,x〉, then |Q : CQ(〈x〉S/S)| = p. 
Clearly, the class of groups of type 3 is if anything more comprehensive then its counterpart
in Theorem B(3). It may have occurred to the reader to wonder if the 2 classes might not be the
same. This is only almost true:
Remark 7. Let P be a finite 2-group of breadth 3 with |P/R : Z(P/R)| = 8 for some subgroup
R = 〈r〉 of Ω1(Z(P )) of order 2. Then unless |P ′| = 8 or |P : Z(P )| 16 or there is a maximal
normal Abelian subgroup A P with bA(P ) = 2 and R =⋂x∈BA [A,x], P ′ ∼= E16, cl(P ) = 3
and P = 〈x, y, z〉E such that:
[x, y, x] = [x, y, z] = [x, z, y] = [x, z, z] = [y, z, y] = r,
[x, y, y] = [x, z, x] = [y, z, x] = [y, z, z] = 1.
Proof. If Q/R is a maximal normal Abelian subgroup of P/R with |P : Q| 2, then |P ′| 8;
thus P/E ∼= E8 if E is the inverse image of Z(P/R) in P, while |A : A ∩ E|  2 whenever
AP is Abelian. If |A : A∩E| = 2, then we are done. So we must assume that B E whenever
B is an Abelian normal subgroup of P.
Let P = 〈x, y, z〉E and note that P ′ is elementary Abelian and cl(P )  3. Suppose there is
no w ∈ P \E with [w,P ] ⊆ CE(w). As |E : CE(w)| = 2 whenever w ∈ P \E, we may choose
x, y, z such that, if R = 〈r〉, [x, y, x] = r = [y, z, y], [x, y, y] = 1 = [y, z, x][z, x, x].
If there is w ∈ 〈x, y, z〉 \ Φ(P ) with CP ([x,P ])  P, then CP (P ′) = E. Accordingly,
[x, y, z] = r; therefore, [x, y, xz] = 1, which in turn implies that [x, z, xz] = 1 i.e. [x, z, z] = r.
Then [x, xyz, xyz] = [x, y, z][x, z, y][x, z, z][x, y, x] = 1, so r = [y, xyz, xyz] = [y, z, xyz] =
[y, z, y][y, z, z]. Thus [y, z, z] = 1.
Let V = 〈u1, u2, u3〉 ∼= E8, 〈r〉 ∼= C2. Then if {ξ1, ξ2, ξ3} ⊂ V ∗ a group P of class 3 in which
the relations [xi, xj ] = uk, {i, jk} = {1,2,3}, hold and in which [v, xi] = rxξi , i = 1,2,3, v ∈ V.
A run through the 7 elements of P/Φ(P ) \ {1} yields that, indeed, any maximal Abelian
normal subgroup of P is contained in E. 
Remark 8. Let H be a finite 2-group and let R Ω1(Z(H)), |R| = 2. If |H/R : Z(H/R)| 8,
then b(H) 3 and |H ′| 24. If |H ′| = 24, then H/R/Z(H/R) ∼= E8, and R is unique.
Proof. As bH/R(xR) 2 for x ∈ H, b(H) 3. Let E be the inverse image of Z(H/R). Suppose
there is x ∈ H with o(xE) = 4 (in H/E). Let H = 〈x, y,E〉. Then [x, y, x], [x, y2] ∈ R, so
o([x, y]) 4 and [x, y, y] ∈ [x, y]2R, while G′ = 〈[x, y],R〉. So Φ(G)E; if G = 〈x, y, z〉E,
then G′/R = 〈[x, y], [x, z], [y, z]〉R/R is elementary Abelian of rank at most 3. As xR, yR, zR
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b(u) 1}.
Let U be a maximal subgroup of G of type 3 with U ′ = G′. We have just seen that Ω1(Z(U))
then has a unique subgroup R of order 2 with |U/R : Z(U/R)| = 8.
Throughout the following, if U G is of type 3 let this unique subgroup R be called RU and
let EU be the inverse image of Z(U/R). Of course, EU and RU are normal subgroups of G. 
Lemma 9. If U ′ <G′ whenever U G, then |G| 23.
Proof. Let U G; as U ′ <G′, Remark 6 guarantees the existence of H G with U ′ H G′
and G/DH ∼= E4. Any maximal subgroup V of G with V ′ H has to contain DH . As there are
at most 24 − 1 maximal subgroups of G′, the number of maximal subgroups of G cannot exceed
3 · |{H | [Φ(G),G]H G′}| 3(24 − 1). Hence |G| 25.
Let c = |{H | [Φ(G),G]  H  G′}|. First assume that |G| = 25. Then 3c  31, so c >
23 − 1, implying Φ(G) Z(G). Consider x ∈ G with b(x) = 3. There are 24 − 23 = 8 maximal
subgroups U of G with x ∈ U ⊃ CG(x). For each of these, we have [U,x] = [G,x] = U ′.
However, G/D[G,x] ∼= E4, and D[G,x] is contained in 3, not in 8, maximal subgroups of G.
If |G| = 24, then, as 3c  15, [Φ(G),G] is contained in at least 23 − 1 maximal subgroups
of G′. Since |G : Z(G)| > 24, we obtain that |[Φ(G),G]| = 2, in particular, Φ(G) is elemen-
tary Abelian. Let [G,Φ(G)] = R; note that G′/R is elementary Abelian and cl(G/R)  2. In
particular,for w ∈ G, [w,G]R/R ∼= G/R/CG/R(wR).
Suppose that there is x ∈ G, with G′ = [x,G]R. Then CG/R(xR) = 〈x,Φ(G)〉/R. As
b(G) = 3, we find that [x,Φ(G)] = 1, whence A = 〈x,Φ(G)〉 is a maximal Abelian normal
subgroup of G.
First suppose that bA(G) = 2 and let y ∈ BA. Then [A,y] = 〈[x, y],R〉. Let My  〈A,y, z〉
with [y, z] = 1. Then |[x, 〈y, z〉]R/R| = 4; hence [z, x] /∈ [A,y], and z /∈ Mxy by 1(a). In par-
ticular, My = G i.e. b(y) = 3 and My  G. Furthermore, Mxy = 〈A,y,w〉, where [w,xy] = 1
and G = 〈My,w〉. As bG/R(x) = 3, we know that [x,w] /∈ 〈R, [x, y], [x, z]〉. Consider V =
〈A,y,wz〉  G. As 1 = [w,xy] = [w,y][w,x]y, we find that [w,y] ∈ [w,x]R and hence that
V ′ = 〈R, [x, y], [x,wz], [y,w]〉 = 〈R, [x, y], [x, z], [x,w]〉 = [x,G] = G′. This contradicts the
premiss of the lemma.
We have seen that if there is x as prescribed, then A = 〈Φ(G),x〉 is a maximal Abelian normal
subgroup of G with bA(G) = 1. Yet then either |A : Z(G)| = 2, or |[A,G]| = 2 according to
Lemma 8 of [PSt]. If the first applies to G and A, then Φ(G) ⊆ Z(G), given the way x was
chosen; if the second applies, then [A,G] = R.
Thus G has no element x with [x,G]R = G′ i.e. if b(y) = 3, y ∈ G, then there is w ∈ G such
that 〈[y,w]〉 = R. Consequently b(G/R) = 2, whence, according to Theorem A, |G′| = 23, or
|G/R : Z(G/R)| 23; this contradicts the definition of G. 
Lemma 10. If U G with |U ′| = |U : Z(U)| = 24, then Z(U) ⊆ Φ(G).
Proof. Suppose false. Then there are V  G and u ∈ Z(U) with G = 〈u〉V. Note that b(V ) =
b(U ∩ V ) = b(U) = 3, because Theorem A says that otherwise |(U ∩ V )′| = 4, i.e. |U ′| = 4, or
|U ∩ V : Z(U ∩ V )| 8, i.e. |U : Z(U)| 8. Since U = Z(U)(U ∩ V ), (U ∩ V )′ = G′ = V ′;
so V is of type 2 or 3. From G′ = (U ∩ V )′ it also follows that Z(U) ∩ V = Z(U ∩ V ) and
b(U ∩ V ) = 3.
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Z(U) = Z(G). As G is not of type 2, G = 〈u,v〉U ∩V, where u ∈ Z(U) \V and v ∈ Z(V ) \U.
As |G : Z(G)| > 24, U ∩ V = CG(〈u,v〉). Furthermore [u,v]2 = [u2, v] = 1 i.e. [u,v] ∈
Ω1(Z(G)). Let x ∈ U ∩ V with bU∩V (x) = 3 and note that b(x) = bU∩V (x). As CU∩V (x) =
CU∩V (ux), G = (U ∩ V )CG(ux), whence there is s ∈ U ∩ V with [ux, vs] = 1 = [x, s][u,v].
Thus [s, x] = [x, s] = [u,v]. If y ∈ G \ U ∩ V, then [u,v] = [y, t] for some t ∈ 〈u,v〉. Let
G˜ = G/〈[u,v]〉. We have just seen that b(G˜) = 2; hence, according to Theorem A, |G˜′| = 4
which yields |G′| = 8, or |G˜ : Z(G˜)| = 23.
Let V G = Z(U)V ; we have seen that V ′ = G′ and V is of type 3. Let R = RV , E = EV .
Remark 8 yields E G and R Ω1(Z(G)). As U = (U ∩V )Z(U), [U,E ∩U ] ⊆ R. If E ⊆ U,
then |U ∩ V : E| = 4 and therefore |(U ∩ V )′ : R|  2; but (U ∩ V )′ = U ′ = G′, so this is
impossible.
Thus E ⊂ U and G = 〈u,d〉U ∩ V, d ∈ E \ U. Thus Z(U) ∩ V = Z(U ∩ V )  E ∩ U, in
particular, E ∩U is Abelian. Let A be a maximal Abelian normal subgroup of U ∩V containing
E∩U ; as Z(U ∩V )E∩U and |U ∩V : CU∩V (e)| 2 for e ∈ E, E∩U <A. Now (U ∩V )/A
cannot be cyclic because of |(U ∩ V )′| = 24, whence (U ∩ V )/A ∼= E4.
This implies that |(U ∩ V )′ : [A,U ∩ V ]|  2. Clearly |[A,U ∩ V ]R/R|  4, whence
|[A,U ∩ V ]| = 8.
If Φ(U ∩ V ) ⊆ E ∩ U, then there is x ∈ U ∩ V \ A with A = 〈x2,E ∩ U 〉; but then
[A,x] = R and hence |[A,U ∩ V ] : R|  2 which is not the case. Thus Φ(U ∩ V ) ⊆ E ∩ U,
in particular cl(U ∩ V/R) = 2 = exp(G′/R). So if U ∩ V = 〈x, y, z,E ∩ U 〉, then G′/R =
〈[x, y], [x, z], [z, y],R〉/R ∼= E8. In particular,
b(U∩V )/R(wR) = 2 for w ∈ U ∩ V \E. (∗)
Since [d,V ′] = [d,G′] = 1, [u2, d] = [u,d2] = [u,d]2 = 1; hence [Φ(G),G] ⊆ R and |G :
Φ(G)| 25.
Thus there is V̂ G with E ⊆ Vˆ ⊃ U ∩ V and u /∈ V̂ . As we have seen, G′ = (U ∩ V̂ )′ and
V̂ is of type 3. Let Ê = EV̂ , R̂ = RV̂ . Let eˆ ∈ Ê ∩ U ; then eˆ ∈ 〈u,b〉 for some b ∈ U ∩ V ; as[U ∩ V,b] R̂, b(U∩V )/R(bR) 1; applying (∗), we obtain that b ∈ E ∩U.
Thus Ê ∩U  〈u,E ∩U 〉 ∩ V̂ = E ∩U. As E ∩U ⊆ Z(U ∩ V̂ ), we get R = R̂.
Let dˆ ∈ Ê. As G = 〈d,u,U ∩ V 〉, there is b ∈ U ∩ V such that R = [(U ∩ V ∩ V̂ ), dˆ]R =
[(U ∩V ∩ V̂ ), b]R. As |(U ∩V ∩ V̂ )/E∩U | = 4 and [(U ∩V ∩ V̂ ), b]R, (∗) yields b ∈ E∩U
and therefore dˆ ∈ 〈E,u〉 ∩ Û = E. Hence E = Ê. Let vˆ ∈ U ∩ V̂ \ V ; then vˆ = uv where
v ∈ U ∩ V ; as E = Ê, we obtain R = [uv, dˆ]R = [uv,ud]R = [u,d]R; hence [〈u,E〉,G]R,
contradicting the choice of G. 
Lemma 11. If |G| > 23 and EU = Φ(G) for all maximal subgroups of G of type 3, then there is
U G with |U : Z(U)| = 24 = |U ′|.
Proof. If the lemma fails, then |G| = 16 and every U  G with U ′ = G′ has [U,Φ(G)] = RU
where |RU | = 2 and RU Ω1(Z(G)).
First assume that there even is r ∈ Ω1(Z(G)) \ {1} with [G,Φ(G)] ⊆ 〈r〉. This forces
Φ(G) to be Abelian. Let 〈r〉 = R and let G˜ = G/R. We know that b(G˜) = 3. Let x ∈ G
with bG˜(x˜) = 3; as [x,G]  G, we get R = Φ(G′)[G′,G]  [x,G] and thus [x,G] = G′. As
b(x) = 3, [x,Φ(G)] = 1, while A = 〈x,Φ(G)〉 is a maximal Abelian normal subgroup of G.
Suppose that there is y ∈ BA with Mxy My. According to Remark 1(a), [x,Mxy]  [A,xy],
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b(y) = 3.
If A = CG(Φ(G)), then y ∈ BA for every y ∈ G \ A. So every y ∈ G \ A has b(y) = 3, in
particular, My  G for y ∈ G \ A. For every such y, My = 〈A,y,u〉 where [y,u] = 1, whence
My = Mu = Muy. As Mw = My = Mwx for w ∈ {u,y,uy}, |{z¯ | z ∈ G \ A,My = Mz}| = 3 for
any y ∈ G \A. However, |G \A| = 14, which is not divisible by 3.
We have shown that |G : CG(Φ(G))|  4. Now if |G : CG(Φ(G))|  2, then |Φ(G) :
Z(G)| = 2 and G certainly has a maximal subgroup U with |U ′| = 24 = |U : Z(U)|. We may
thus assume that there is z ∈ G \ A with CG(Φ(G)) = 〈A,z〉. First suppose that G˜ = A˜CG˜(z˜)
and let C be the inverse image of CG˜(z˜) in G. Set C = 〈Φ(G), z,u, y〉. Now C′  〈R, [u,y]〉,
and |C′|  4. If w ∈ C \ 〈z,Φ(G)〉, then w ∈ BA, which implies that b(w) = 3. As R  C′,
this implies that |C′| = 4. Let C′ = H1 ∩ H2 where G 	 Hi  G′ for i = 1,2. Both DH1 and
DH2 are maximal subgroups of C. As b(w) = 3 for w ∈ C \ 〈z,Φ(G)〉, we may assume that
[u,G] = H1, [y,G] = H2; then D[u,G] ∩ D[y,G] = 〈z,Φ(G)〉. Since G is not of type 3, we
know that [z,G] ⊆ R; so [x, z] ∈ [u,y]R. But now [xu, z] ∈ [u,y]R, [xu,yz] ∈ [x, y]R, and
[xu,u] ∈ [x,u]R. Hence bG˜(x˜u) = 3, but xu /∈ CG(Φ(G)). Thus:




, then b(˜z) 2.
Let U  G with CG(Φ(G))  U. Then |Φ(G) : CΦ(G)(U)| = 2 whence |U : Z(U)|  24, so
U ′ = G′. If each element of ˜CG(Φ(G))\ Φ˜(G) were of breadth 3 in G˜, then DH ∩CG(Φ(G)) ⊆
Φ(G) whenever R <H  G′. But we have just seen that if CG(Φ(G))  U  G, there is R 
H G′ with DH U.
We have found out that G = 〈Φ(G),x, z,u, y〉 where 〈Φ(G),x, z〉 = CG(Φ(G)), [u, z] ∈ R
and [y, z] /∈ 〈R, [x, z]〉.
Let V = 〈y,CG(Φ(G))〉 and let W = 〈uy,CG(Φ(G))〉. If [y, z] ∈ 〈R, [x, z], [x, y]〉, then
[y, z] /∈ 〈R, [x, z], [x,uy]〉, because [y, z] /∈ 〈R, [x, z]〉. On the other hand, [uy, z] ∈ [y, z]R.
Thus W ′ = G′ or V ′ = G′. However, CG(Φ(G)) = V ∩W.
We claim that if |[G,Φ(G)]| > 2, then G does not have 3 distinct maximal subgroups Ui,
i = 1,2,3, with |U ′i | = 24 and U1 ∩U2 = U1 ∩U3.
To see this, suppose otherwise and let RUi = Ri, i = 1,2,3; then if, say, U1 = (U1 ∩U2)(U1 ∩
U3) then [U1,Φ(G)] = 1, unless R1 = R2, or R1 = R3; as U ′1 = G′, we obtain R1 = R2 or
R1 = R3, thus |[G,Φ(G)]| = 2.
If G has less than 3 maximal subgroups U with U ′ = G′, then there are more than 12 maximal
subgroups V with |V ′| 23; thus at least 5 distinct maximal subgroups of G′ contain [G,Φ(G)].
This leads to |[G,Φ(G)]| 2.
We have seen that if |[G,Φ(G)]| > 2, then G has precisely 3 maximal subgroups V1, V2, V3
with V ′i = G′ for i = 1,2,3 and that, moreover, V1 ∩ V2 = V1 ∩ V3. Let Ri = RVi and Ei = EVi
for i = 1,2,3. Since we are assuming that |[Φ(G),G]| 4, Ri = Rj for i = j and hence V1 ∩
V2 = V1 ∩ V3 ⊆ CG(Φ(G)). As G = V1 ∪ V2 ∪ V3 and bΦ(G)(Vi) = 1 for i = 1,2,3, Lemma 8
of [PSt] yields that |[G,Φ(G)] 2, unless |Φ(G) : Z(G)| 2. The first possibility has just been
ruled out, so the second applies; but then |Vi : Z(Vi)| = 24, i = 1,2,3. 
Lemma 12. Suppose G has maximal subgroups U with U ′ = G′ and that |U : Z(U)| > 24 for
each such U. Then there are no 3 maximal subgroups U1, U2, U3 of G with U1 ∩U2 = U1 ∩U3
and with Ei = EUi ⊆ Uj for 1 i < j  3.
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there are unique subgroups RU  Ω1(Z(G)), |RU | = 2, and EU, |U : EU | = 8, EU/RU =
Z(U/RU). In particular, EU G for every U G with |U ′| = 24.
Suppose the lemma to fail and for i = 1,2,3 let Ui, Ei be as indicated. Let RUi = Ri. Then
U ′i = Ri(Ui ∩Uj)′ whenever i = j, whence
∣∣(Ui ∩Uj)′∣∣ 23 (1)
and if |(Ui ∩Uj )′| = 23, then Ei ∩Uj  Z(Ui ∩Uj).
Thus if i = j and |(Ui ∩ Uj )′| = 23, then (Ei ∩ Uj )(Ej ∩ Ui) Z(Ui ∩ Uj ). As |Ui ∩ Uj :
Ei ∩Uj | = |Ui : Ei | = 23, this implies Ui ∩Ej = Uj ∩Ei.
If (Ui ∩ Uj )′ = G′, then, as [(Ui ∩ Uj ), (Ej ∩ Ui)(Ei ∩ Uj )]  RiRj , |Ui ∩ Uj : (Ej ∩
Ui)(Ei ∩Uj )| > 4; either way, whenever 1 i < j  3,
Ei ∩Uj = Ej ∩Ui = Ei ∩Ej . (2)
Assume that Ei = (Ei ∩Uj )(Ei ∩Uk) whenever {1,2,3} = {i, j, k}. Then E3 E1E2 = (E1 ∩
E2)(E1 ∩E3)(E2 ∩E3); by (2), E1E2 ∩U1 = E1(E2 ∩E1) = E1, E1E2 ∩U1 ∩U2 = E1 ∩E2,
and E1E2 ∩ (U1 ∩ U2 ∩ U3) = E1 ∩ E2 ∩ E3. Let U1 ∩ U2 ∩ U3 = W. Our latest assumption
implies that |E1E2 : E1E2 ∩W | = |E1E2 : E1 ∩E2 ∩E3| = 23.
This in turn entails that G = E1E2W. Let 〈R1,R2,R3〉 = S. By (2), |W : E1 ∩E2 ∩E3| = 8;
moreover, (E1E2)′  〈R1,R2, [E1 ∩ E3,E2 ∩ E3]〉  S  [W,E1E2]. As G is not of type 3,
|S|  4. Let G = 〈e1, e2, e3,W 〉 where e1 ∈ E1 ∩ E2 \ E3, e2 ∈ E1 ∩ E3 \ E2 and e3 ∈ E2 ∩
E3 \E1.
Assume |S| = 8. As E1E2 = E1E3 = E2E3, this implies [W,E1E2] = 1. Moreover, Ei ∩Ej
is Abelian for 1  i < j  3 and E1 ∩ E2 ∩ E3  Z(G)  Φ(G). As |Ui : Z(Ui)| > 23 for
i = 1,2,3, 〈[e1, e2]〉 = R1, 〈[e1, e3]〉 = R2, and 〈[e2, e3]〉 = R3; in particular, S = (E1E2)′. Let
x ∈ W be such that [x,W ]  S and let C be the preimage of CW/S(xS). As b(xei)  3 for
i = 1,2,3 and [xei, ej ] = [ei, ej ], while [xei, c] = [x, c], where c ∈ C, we see that [C,xei] =
[C,x] ⊆ R1R2 ∩R1R3 ∩R2R3 = 1. If a ∈ W and [a,W ] S, then C/S = CW/S((xa)S) whence
[C,xa] = 1 = [C,a]. So b(W) = 1 = |W ′|; as |G : W | = W ′, G turns out to be of type 3.
So |S| = 4. Still [E1 ∩ E2 ∩ E3,W ] = 1 and E1E2 = 〈E1 ∩ E2 ∩ E3, e1, e2, e3〉 where the
ei are chosen as before. If Ri = Rj whenever i = j, then [W,E1E2] = 1; otherwise we may
choose notation such that R1 = R2; then R3 = R1 and [W,E3] = 1. Anyway, [W,E3] = 1 and
[W,e1] R1. As U3 = 〈e2, e3,W 〉 and |U3 : Z(U3)| > 23, 〈[e2, e3]〉 = R3. As U2 = 〈e1, e3W 〉,
and |U2 : Z(U2)| > 24, we obtain 〈[e1, e3]〉 = R2 in the same manner. Let G˜ = G/S. Suppose
that there is x ∈ W, with bW˜ (x) = 2. If [x, e1] = 1, then [E1E2, xe3] = S; as for y ∈ W and
e ∈ E1E2 we know that [xe3, ye] = [x, y][e3, e], we obtain that b(xe3) = 4. So R1 = R2 and
〈[x, e1]〉 = R1 whenever x ∈ W and bW˜ (x) = 2. As [e1, e3] = 1, and R1 = R2, we see that there
is f ∈ {e2, e2e3}, such that [e1, f ] = 1. Let x again be such that x ∈ W and bW˜ (x) = 2. Then〈[xf, e1]〉 = R1 and [xf, e3] = 〈R3〉. Let y ∈ W, be such that [x, y] /∈ S. As W = 〈x,CW(e1)〉,
we may suppose that [y,E1E2] = 1; hence [xf, ye1] = [x, y]r1 and [xf, ye3] = [x, y]r3 where
Ri = 〈ri〉. Thus b(xf ) = 4, a contradiction. We have shown that b(W˜ )  1  |W˜ ′|. However,
this entails that |G′| = 23.
This result and (2) together imply that
E1 ∩E2 = E1 ∩U2 = E1 ∩U3 = E1 ∩E3 = E2 ∩E3. (3)
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and (3), that [F,Ui ∩ Uj ] = 1 for 1  i < j  3. However, as U1 = (U1 ∩ U2)(U1 ∩ U3), this
implies that F  Z(U1) and hence |U1 : Z(U1)| = 24, contradicting the premiss of this lemma.
Hence we may assume that G′ = (U1 ∩ U2)′. As |U1 ∩ U2 : F | = 8, this implies that
(U1 ∩ U2)/F ∼= E8 and [U1 ∩ U2,F ] = 1, whence R1 = R2. Take e3 ∈ E3 \ F, and let
V = 〈e3,U1 ∩ U2〉|G : .| Then V ′ = G′, thus V is of type 3. Certainly EV ⊂ U1 ∩ U2, for
otherwise |(U1 ∩ U2)′RV /RV |  2. Since [U1 ∩ U2, (EV ∩ U1)(E1 ∩ U2)] ⊆ 〈R1,RV 〉, and
|(U1 ∩U2)′ : R1RV | 4, we obtain EV ∩U1 = F. As |U1 ∩U2 : Z(U1 ∩U2)| 24, we conclude
that RV = R1 = R2 and [e3,F ] ⊆ R1.
As E3 = 〈e3,E1 ∩U2〉, and R1 = RV , (E3)′ ⊆ R1.
Assume E3 to be non-Abelian. We may suppose e3 /∈ Z(E3), by which choice of e3 we obtain
that R1 = R2 = R3 and that W = FCW(e3). Recall that there is v ∈ U1 ∩U2, such that e3v ∈ EV
i.e. [e3v,U1 ∩U2] = R1; in particular [v,W ] ⊆ R1.
Suppose that v /∈ F ; then if v ∈ U3, |W/R1 : Z(W/R1)|  2, whence W/R1 is Abelian.
Now if y ∈ (U1 ∩ U2) \ U3, then |[y,W ]R1/R1| = |(U1 ∩ U2)′R1/R1|  4, contrary to our
choice of U1, U2. But if v /∈ U3, then [v,U1 ∩ U2] = [v,W ]  R1, which again yields
|(U1 ∩ U2)′R1/R1|  4. Hence v ∈ F. But then [e3v,V ] = [e3v,U3] = [e3v,G] = R3 = R1.
So [E3,G] = R1, and, since G = E3U1, we have [E1E3,G] = R1 and G is of type 3.
We have just seen that E3 is Abelian. Since |U3 : Z(U3)| > 24, F  Z(U3 ∩ Ui), i = 1,2.
Hence (1) entails that for i = 1,2 G′ = U ′3 = 〈R3, (Ui ∩ U3)′〉 = (Ui ∩ U3)′. We may cyclically
permute the elements of {1,2,3} throughout the three previous paragraphs to find out that E1
and E2 have to be Abelian, too.
Now if there are 1  i < j  3 such that Ri = Rj , then F ⊆ Z(Ui ∩ Uj ) ⊆ Z(Ui) which
contradicts the premiss of the lemma. So R1 = R2 = R3. Let V and v be defined as before;
then [W,v] ⊆ [W,e3]R1 = R1. We may repeat the last paragraph but one to obtain a contradic-
tion. 
Lemma 13. Suppose that G has maximal subgroups U with U ′ = G′ and that |U : Z(U)| > 24
for every such U. Then G 23.
Proof. We may assume |G| > 23. Let U G with G′ = U ′; U has to be of type 3. Let E = EU,
R = RU. According to Lemma 11, we may choose U such that E ⊆ Φ(G). Let e ∈ E \ Φ(G).
Let V1 and V2 be maximal subgroups of G with G = 〈e〉V1 = 〈e, 〉V2 and suppose that (V1)′ =
G′ = (V2)′. As U ′ = G′  (Vi)′R, |(U ∩ Vi)′| = 8 and (E ∩ Vi) ⊆ Z(U ∩ Vi) for i = 1,2. Thus
if U ∩ V1  V2, then (V1)′ = (V2)′.
If U = (U ∩ V1)(U ∩ V2), then E ∩ V1 = E ∩ V2, for |U : Z(U)| > 24. Thus U ∩ V1 =
〈, e1,U ∩ V1 ∩ V2〉, where e1 ∈ E ∩ V1 \ V2. This implies that |(U ∩ V1 ∩ V2)′| 8; hence we
derive V ′1 = V ′2 in this case, too.
These considerations show that
∣∣{V G ∣∣ V ′ <G′ and G = 〈e〉V }∣∣ 2. (1)
Suppose that |G| 24. Then there are at least 23 maximal subgroups V of G not containing e;
applying (1), we see that V ′ = G′ for at least 6 of these. Let V1  G with G = 〈e,V1〉 and
(V1)′ = G′. Let EV1 = E1, RV1 = R1. If E1 ⊂ U, then |U ∩ V1 : E1| = 4, which implies that|(U ∩ V1)′| 4 which is impossible since U ′ = G′ = R(U ∩ V1)′. Thus E1 ⊆ U, in particular,
E1 ⊆ Φ(G). Furthermore, there are at least 23 − 22 maximal subgroups of G which neither
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of order 24. At least one these, V2, say, does not contain U ∩ V1. Let E2 = EV2; then, as E ⊂
V2 ⊃ E1, we see that E2 ⊂ U ∪V1, because G′ = U ′ = R(U ∩V2)′ = V ′1 = R1(V1 ∩V2)′ whence
(U ∩V2)′ and (V1 ∩V2)′ both have to be of order at least 8. However, this contradicts the previous
lemma. 
Lemma 14. If |G| = 23, then Φ(G) is Abelian and |[G,Φ(G)]| = 4.
Proof. If V G, then |V ′[Φ(G),G] : [Φ(G),G]| 2.
Thus if |[Φ(G),G]| 4, then there is no V  G with V ′ = G′. If, conversely, every V  G
has |V ′| 23, then |[G,Φ(G)]| 4, because 23 − 1 = 7 3(|G′ : [G,Φ(G)]| − 1).
As G is not of type 3, |[G,Φ(G)]| 4, so we need only establish that [G,Φ(G)]| 4.
Before attacking this, we show that if |[G,Φ(G)]| = 4, then Φ(G) is Abelian. Let
[G,Φ(G)] = H1 ∩ H2 where G 	 Hi  G′, i = 1,2. If DH1 = DH2, then G = 〈x, y,DH1〉,
while [x, y]2 ∈ [G,Φ(G)]; hence |G′| = 23. So DH1 = DH2 and G = 〈x, y, z〉, where y ∈ DH1
and z ∈ DH2 .
Assume that Φ(G) is non-Abelian. Since [DH1 ,DH2] ⊆ [G,Φ(G)], we know that yz ∈
DH3, where H1 = H3 = H2, [G,Φ(G)]  H3  G′. Thus if x ∈ G \ DH1DH2, then |Φ(G) :
CΦ(G)(x)| 2. In particular, |Φ(G) : Z(G)| 23 and hence |Φ(G) : A| 2 where A is a largest
Abelian normal subgroup of G contained in Φ(G). We are assuming that A = Φ(G). First sup-
pose there is x ∈ G \DH1DH2 with [x,A] = 1. If y ∈ DH1DH2, then xy ∈ TA ∩CG(A), whence
bA(G) 1. However, Φ(G) is Abelian both if |A : Z(G)| 2 and if [A,G] 2.
It has turned out that if x ∈ G \ DH1DH2, then Φ(G) = ACΦ(G)(x) ⊆ Mx. We also
know that G′ = [G,Φ(G)][x,G]. According to Lemma 1(c), [Gx,x] ⊆ [A,G], so Mx =
〈x,Φ(G)〉 = Gx = Dx. According to Lemma 1(b), this implies that [A,Φ(G)] = [A,x] for
x ∈ G \ DH1DH2 . However, G = 〈G \ DH1DH2〉, so |[G,A]|  2. However, this entails that[Φ(G),A] = Φ(G)′ = 1.
Next assume there is U G with U ′ = G′ and |U : Z(U)| = 24. We know that U ′ = G′ entails
|[G,Φ(G)]| = 8. Let H = [G,Φ(G)].
Assume Φ(G) to be non-Abelian. According to Lemma 10, Z(U) ⊆ Φ(G); as
[Φ(G),Z(U)] = 1, Φ(G) contains a normal Abelian subgroup of G, A say, with |Φ(G) : A| = 2.
Furthermore, Z(U) = Z(Φ(G)) and |A : Z(U)| = 2. Applying the Three Subgroups Lemma,
we obtain that [A,U ′] = [A,G′] = 1; thus G/A is Abelian, whence G/CG(A) is Abelian,
but not elementary Abelian; in particular, bA(G) = 2. Furthermore, U ⊆ TA ∪ CG(A), which
implies that CG(A) ⊆ U, U/CG(A) = Ω1(G/CG(A)) and w ∈ BA whenever w ∈ G \ U.
Let DH = 〈z,Φ(G)〉 and let G = 〈x, y, z〉 with x, y ∈ BA. Let w ∈ {x, y}; according to 1(c),
[w,Gw] ⊆ [A,G]  H, so Mw = 〈z,w,Φ(G)〉 and Mw = Gw = Dw. We apply 1(b) and find
[A,Mw] ⊆ [A,w]. As U ′ = G′, z /∈ U and, since TA ∪CG(A) = U, z ∈ BA. Thus
[A,z] = [A,x] = [A,y] = [A,G].
Furthermore, [A,Φ(G)] ⊂ [A, t] whenever t ∈ BA. As U/CG(A) = Ω1(G/CG(A)), Φ(G) =
〈A, t2〉 whenever t ∈ G \ U. But then [Φ(G),G] = 〈[Φ(G), t] | t ∈ G \ U 〉 = [A,G]. Thus
|[Φ(G),G]| = 4. However, this has been shown not to be compatible U ′ = G′.
We have been forced to accept that A = Φ(G). If 〈BA〉 = G, then, by Lemma 9 of [PSt],
|[G,A]| = 4, the precise situation we want to avoid. So G = 〈BA〉.
Let DH = 〈z,A〉. As before, we see that
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then Mw = Gw = Dw = 〈A,w,z〉.
Since we are assuming that |H | = 23 and since [A,z] ∈ [A,w] whenever w ∈ BA,




As |U ′ : [A,U ]| 2,
[A,U ] = [A,G],
hence bA(U) = 2, CU(A) = A and U = 〈BA ∩U 〉
by Lemma 9 of [PSt]. Assume that Z(U) = Z(G). If w ∈ BA, then w2 ∈ CA(w) = Z(U) =
Z(G). If U/Z(G) were Abelian, then, as U = 〈BA∩U 〉, it would have to be elementary Abelian;
but then Φ(U) ⊆ Z(U) implying that G′ ⊆ Z(U). This entails that H = [G′,G]Φ(G′) = Φ(G′)
i.e. G′ ∼= C16. Then there are u,v ∈ G with o([u,v]) = 16. But as [u,vn] = [u,v]n = [un, v],
this entails b(u) = 4 = b(v).
Thus G′ = U ′ ⊆ Z(G) and U = 〈A,x, y〉 where x, xy ∈ BA and y2 /∈ Z(G), in particular
y ∈ TA. Let K = CA(y). Since |G′ : G′ ∩K| 2, H K. Moreover, [G′, y] ⊆ Z(G), whence
(xy)2Z(G) = y2[x, y]Z(G) = Z(G). (∗)
As G′ = 〈H, [x, y]〉, we see that G′ ⊆ K. So K = G′Z(G) = 〈y2,Z(G)〉 and therefore H =
G′ ∩Z(G).
Recall that [A,z] [A,x] ∩ [A,xy]. Now (∗) implies that [G′, x] = 〈[x, y, x]〉 = 〈[y2, x]〉 =
〈[y2, xy]〉 = [A,z], in particular, |[G′,G]| = |[G′, x]| = 2. Moreover, 〈[x, y2]〉 = 〈[x, y]2〉 =
〈[x, yx]〉 = [G′,G], in particular, G 	 〈[x, y]〉 ∼= C4. In view of G′ = H 〈[x, y]〉, this cannot
happen.
We have seen that Z(U) = Z(G), whence [z,A] = [z,Z(U)] = [G,Z(U)] and A =
Z(U)CA(z). Let [G,Z(U)] = R. If y ∈ G \ U, then R  [y,A], and, since A = Z(U)CA(z)
and bA(uz)  2, we obtain R  [A,u] for u ∈ U ∩ BA. Thus bA/R(G/R) = 1, which implies
that either |[A,G]| = 4, or |A/R : Z(G/R) ∩ A/R| = 2. The latter has to be true. Let K be the
inverse image of Z(G/R) ∩ A/R in G; if G/K was generated by its elements of order 4, then
[G,A] = 〈[t,A] | t2 /∈ K〉 = R which would make G a group of type 3. Thus G/K ∼= D8 × C2
and U/K ∼= D8. Moreover, Z(U)  K and thus |CU(K)|  2. Let u ∈ CU(K) \ Φ(G) and
let U = 〈u,v,Φ(G)〉. If [u,A] = 1, then H = [A,U ] = [A,v], which, since bA(U)  2,
contradicts |H | = 8. Thus CA(u) = K and u2 ∈ K. We may take v2 /∈ K. Then [A,v]  R
and A = KCA(v), whence [A,uv] = [CA(v),u][K,v]  [A,u]R. But now it is clear that
|[A,U ]| 4.
We have seen that if V G, then V ′ = G′ implies |V : Z(V )| > 24; according to Remark 6,
there are unique subgroups EV ,RV such that |V : EV | = 23 and [V,EV ] ⊆ RV , |RV | = 2 and
RV Ω1(Z(G)). If |{U G | |U ′| = 23}| > 3, then |[G,Φ(G)]| 4. Thus we may assume V ′ =
G′ for no less than 4 maximal subgroups V  G. Let H = [Φ(G),G] and let DH = 〈z,Φ(G)〉
as before.
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and RV = RW =: R. As [EV ,Φ(V )] = [EW,Φ(W)] = 1 and Φ(G) = Φ(V )Φ(W)[V,W ] =
Φ(V )Φ(W), this assumption yields that Φ(G) is Abelian; let A = Φ(G) and let G =
〈A,z, x, y〉; as [A,G] = H  G′, application of Lemma 9 of [PSt] yields G = 〈BA〉, and
we may therefore assume that x, y ∈ BA. As [Mw,w]  H for w ∈ G we immediately ob-
tain that Mw = Dw = Gw = 〈A,z,w〉 for w ∈ {x, y}; furthermore, letting A = 〈a,E〉, we
obtain H = 〈[a, x], [a, y],R〉; therefore [a, xy] /∈ R. We may assume that [x, z] = 1. As
|G : 〈E,z〉| = 23, we have to suppose that [z, y] /∈ R, G being as it is. Thus we can choose a
such as to ensure [y, az] = 1. Now suppose that xy ∈ BA, too. Then Mxy = 〈A,z, xy〉 i.e. either
[xy, z] ∈ R, or [xy, az] ∈ R. But [xy, z] ∈ [y, a]R and [xy, az] ∈ [x, a]R, so both these assump-
tions fail. Hence xy ∈ TA, and, as [A,xy] ⊆ R, we obtain xy ∈ CG(E). Now let U = 〈A,x, y〉.
Since for any V  G, we have V ′ ⊆ H if and only if z ∈ V, we obtain U ′ = G′. Furthermore,
we obtain Z(U) ⊇ CE(x) from [xy,E] = 1. Thus |U : Z(U)| 24 and we are done.
Next assume that there is V  G, with V ′ = G′ and EV ⊆ Φ(G). As (EVΦ(G))′ 
〈Φ(G)′, R〉 < HR, |EV |  2 for every such V . Let E = EV . We know from (1) in the proof
of Lemma 11 that |{U | U  G, G = EU and U ′ = G′}|  2. Thus there are V1 = V2  G
with G = EVi and V ′1 = G′ = V ′2. Let EVi = Ei. If Ei ⊆ V where i = 1 or i = 2, then
|(V ∩Vi)′| 4 implying |V ′| 23. Thus E1 ⊂ V ⊃2 . In particular, Ei ⊂ Φ(G). Yet Lemma 12
says that in that case E1 ⊆ V2 or E2 ⊆ V1; as the two conditions are equivalent, we obtain
that V1 = 〈Φ(G),E1,E2〉 = V2, unless E1 = E2. Hence E1 = E2. However, this implies that
[G,E1]R1R2; as Ei  Z(Vi) where i = 1,2, Ri G′. There certainly is a maximal subgroup
of G′ containing R1R2 that is normal in G; therefore R1R2 H. But then Vi/H ⊃ Z(G/H) i.e.
H ⊃ V ′i for i = 1,2.
So EU ⊆ Φ(G) whenever U  G and U ′ = G′. We have, moreover, seen that |{U | U  G,
U ′ = G′}| 4 and that, if U ′ = G′ = V ′ it cannot be true that both RU = RV and EU = EV . For
i = 1, . . . ,4 let Vi G with G′ = V ′i and let EVi = Ei, RVi = Ri.
First suppose that Φ(G) is not Abelian. If there are i, j ∈ {1, . . . ,4} with Ri = Rj , then
[Ei,Ej ] ⊆ Ri ∩ Rj = 1 and therefore either Ei = Ej  Z(Φ(G)) = Φ(G) or Φ(G) = EiEj =
Z(Φ(G)); so, for i, j = 1, . . . ,4 we have Ri = Rj and hence Ei = Ej .
But then we may choose notation such as to ensure that E1 = (E1 ∩ E2)(E1 ∩ E3); as
Φ(G) = Φ(V1)Φ(V2)G′ = Φ(V1)Φ(V2) = Φ(V1)Φ(V3) and [Ei,Φ(Vi)] = 1 for i = 1, . . . ,4,
this implies that E1  Z(Φ(G)) = Φ(G).
So Φ(G) is Abelian. Without loss of generality we may assume that V1 ∩ V2 ∩ V3 = Φ(G)
i.e.V1 = (V1 ∩ V2)(V1 ∩ V3), V2 = (V1 ∩ V2)(V2 ∩ V3), and V3 = (V1 ∩ V3)(V2 ∩ V3). Let G =
〈x1, x2, x3〉, x1 ∈ V1 ∩ V2, x2 ∈ V2 ∩ V3, x3 ∈ V1 ∩ V3.
If R = R1 = R2 = R3, then we know that Φ(G) = E2E3 = E1E2 = E2E3 but then
[xi,Φ(G)] ⊆ R and G accordingly is of type 3. Thus we may assume R1 = R2. Now if
R2 = R3, then Φ(G) = E2E3; if Φ(G) = E1E3 = E1E2 as well, then [x1,Φ(G)] ⊆ R1R2,
[x2,Φ(G)] ⊆ R2 and [x3,Φ(G)] ⊆ R1R2. Hence |[G,Φ(G)]|  4 and we are done. Thus
if R2 = R3, then E1 = E2 without loss of generality. However, this entails that E1 ∩ E3 =
E1 ∩E2 ∩E3 on account of which [E1 ∩E3, x1] = 1 = [E1 ∩E3, x3] i.e. E1 ∩E3 ⊆ Z(V1). But
then |V1 : Z(V1)| 24 which has already been shown not to be possible. So we are left with the
case that Ri = Rj whenever i = j. If there is i ∈ {1,2,3} with [xi,Ei] = 1, then |Ei : Z(Vi)| 2,
which possibility has been discarded. So if i = j ∈ {1,2,3}, then Ei = Ej . Next assume
that Ei ∩ Ej = Ei ∩ Ek for some choice of i and {1,2,3} = {i, j, k}. As Ri = Rj if i = j,
this assumption entails that Ei ∩ Ej  Z(Vi) which must not happen. Thus Φ(G) = E1E2 =
(E1 ∩E2)(E1 ∩E3)(E2 ∩E3). This implies that [Φ(G),G] = 〈R1,R2,R3〉 from which we con-
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that [x3,E1 ∩E2] = R1 and that [x2,E1 ∩E3] = R3. Let Ri = 〈ri〉 for i = 1,2,3. We have also
seen that [x1,E1 ∩E3] = R1, [x2,E1 ∩E2] = R2 and [x3,E2 ∩E3] = R3. Let u = x1x2x3; then
r2r3 ∈ [u,E2 ∩E3], r1r2 ∈ [u,E1 ∩E2], and, finally r1r3 ∈ [u,E1 ∩E3]. However, this implies
that bΦ(G)(u) = 3, which contradicts Theorem B. 
Lemma 15. If G is generated by two elements, then G is a group of type (4.1) or (4.2).
Proof. Let G = 〈x, y〉. Since CG(x)∩CG(y) = Z(G), we know that |G : Z(G)| 26, G being
of breadth 3. Let A be a maximal Abelian normal subgroup of G. Then A ⊆ Φ(G), for otherwise
we might take G = 〈A,x〉 and b(G) = bA(G)  2. Accordingly, Z(Φ(G))  CG(A) = A, so
either Φ(G) = A, or Z(Φ(G)) ⊂ A. Hence |G : A|  24. We would like to show that either
G/A ∼= D8, or A = Φ(G).
Indeed, suppose that |G : A| = 24. Then |A : Z(Φ(G))| = 2, so |[A,Φ(G)]| = 4. Accord-
ingly, [A,x] = [A,Φ(G)] whenever x ∈ BA. Thus 〈BA〉 = G, in particular the group G/A is not
generated by its non-involutions. Since G/A is a group of order 16 generated by 2 elements, we
are left with G/A ∼= D16. Yet if, say, o(xA) = 8, then Φ(G/A) = 〈x2〉A and [A,x2] = [A,x].
• The case |G : A| = 4.
Then A = Φ(G); let G = 〈x, y〉. As [x, y2] = [x, y]2[x, y, y] we have |G′ : [A,G]| = 2. Ac-
cording to Lemma 9 of [PSt], G = 〈BA〉 and we may suppose {x, y} ⊂ BA. If Ω1(Z(G)) has a
subgroup R of order 2 with bA/R(G/R)  1, then Lemma 8 of [PSt] yields that |[A,G]|  4,
or |A/R : Z(G/R)|  2; both is impossible by or choice of G. As |[A,G]| = 23, we know
that [x,A] ∩ [y,A] = 1 and = R = [x,A] ∩ [y,A] has order 2, whence R  Ω1(Z(G)). As
bA/R(G/R)  2, xy ∈ BA and, moreover, [A,x] ∩ [A,y] ∩ [A,xy] = 1. This implies that
[A,v] = ([A,v] ∩ [A,w])([A,v] ∩ [A,vw]) whenever {vA,wA,vwA} = {xA,yA,xyA}. We
know that [A,w]  G for any w, w ∈ BA; so [A,G]  Z(G), cl(G)  3 and [A,G] is ele-
mentary Abelian. If |CA(x) : CA(x) ∩ CA(y)| = 4, then [A,xy] = [x,CA(y)] = [y,CA(x)]; as
[A,G] = 〈[A,x], [A,xy]〉, this cannot be the case.
So |G : Z(G)| = 25, G not being of type 2. As [A,z]  Ω1(Z(G)) and A/CA(z) ∼= [A,z]
for z ∈ {x, y, xy}, we know that Φ(Φ(G))  Z(G), i.e. Φ(G)/Z(G) is elementary Abelian of
order 8. As Φ(Φ(G))[Φ(G),G]  Z(G), |Φ(G) : G′Z(G)|  4 = |〈x2, y2〉G′Z(G)/G′Z(G)|
and |G′ : G′Z(G)|  2, cl(G) = 3, and Φ(G)/Z(G) = 〈x2, y2, [x, y]〉Z(G)/Z(G). Now we
are ready to spell out the commutator relations for G: [A,x] = 〈[x, y]2[x, y, y], [x, y, x]〉, and
[A,y] = 〈[x, y]2[x, y, x], [x, y, y]〉; so [x, y]2 = 1, for [A,x] = [A,y]. Thus we have found a
group of type (4.1).
• The case |G : A| = 8.
We know exp(G/A) = 4 and hence bA(G) = 2. Let x ∈ G \ A with o(xA) = 4 i.e. Φ(G) =
〈A,x2〉, [A,Φ(G)] = [A,x2], and, as |[A,x]| = 4, |[A,x2]| = 2. Thus |[A,Φ(G)]| = 2 =
|A : Z(Φ(G))| and |G : Z(Φ(G))| = 24. As Φ(G) is supposed to be non-Abelian, Φ(G)/
Z(Φ(G)) ∼= E4.
Our next goal will be to prove that [Φ(G),G] Z(Φ(G)).









Let R = Φ(G)′. If b(G/R)  2, then, according to Theorem A, either |G′ : R|  4, or |G/R :
Z(G/R)| 23, impossibilities by the choice of G. Applying (1), we find that
G = 〈x, y〉 with y ∈ TA and [A,y] = R. (2)
As [Φ(G),G] < G′, |[A,G]|  8 and if |[A,G]| = 4, then [A,G] ⊆ Z(Φ(G)). If |[A,G]| >
4, then Lemma 9 of [PSt] yields G = 〈BA〉. If |[A,G]| = 8, then [A,G] = 〈[A,x], [A,w]〉
whenever G = 〈x,w〉 with w ∈ BA. We know that [A,w]  G, whenever w ∈ BA. This shows












Assume [Φ(G),G]  Z(Φ(G)) and recall Φ(G)/Z(Φ(G)) ∼= E4. Thus, whenever v,w ∈ G,
[v,w2]Z(Φ(G)) = [v,w,w]Z(Φ(G)) and it turns out we are assuming Φ(G) = G′Z(Φ(G))
and A = [G′,G]Z(Φ(G)). If G = 〈v,w〉, then G′ = 〈[v,w][Φ(G),G]〉, with [v,w]2 ∈
[Φ(G),G]; so A = 〈[v,w,w],Z(Φ(G))〉. As [Φ(G),G]A, Φ(G) = 〈[v,w],A〉. As x2 /∈ A,
xΦ(G) ⊆ BA. By (2) and (3), we obtain that BA = xΦ(G) and that [A,G] = [A,x]. Since
〈y, x2〉 ⊂ TA, Lemma 8 of [PSt] yields CA(y) = Z(Φ(G)) or else [A,y] = R, contradict-
ing (2). Hence CA(y) = Z(Φ(G)). As y ∈ TA, y2 ∈ CA(y) = Z(Φ(G)). Moreover CA(x) 
Z(Φ(G)) = CA(x2). If [A,x]  Z(G), then A  Z2(G) and G′  CG(A) = A. As [A,x] ∈
Z(Φ(G))[A,x, y] = 1; so [A,x, x] = 1 = [A,x2], whence [A,x] is elementary Abelian and
[A,x2] = [A,x, x] = [Z(Φ(G)), x] = R. However, this entails [x, y2] = [x, y]2[x, y, y]  R.
As [x, y]2  Z(Φ(G)), [x, y, y] ∈ Z(Φ(G)), too. But [x, y, x]  [A,x]  Z(Φ(G)), and so
A = [G′,G]Z(Φ(G)) = Z(Φ(G)); this is a contradiction.
Since |G′ : [Φ(G),G]| = 2, we now know that G′Z(Φ(G)) = Φ(G). Since Φ(G)/
Z(Φ(G)) ∼= E4, there are 3 maximal Abelian normal subgroups A1, A2, A3 of G with
|G/Ai | = 8 and A1 ∩ A2 ∩ A3 = Z(Φ(G)). Let G′Z(Φ(G)) ⊆ A1 and note that G = 〈BA1〉
on account of G/A1 ∼= C4 × C2. If w ∈ BA1 ∪ BA2 ∪ BA3 , then (1) yields R  [A,w].
There is z ∈ G, with bG/R(zR) = 3, therefore z ∈ TA1 ∩ TA2 ∩ TA3 . Accordingly, G = 〈x, z〉
and xΦ(G) ⊆ BA1 ⊇ (xz)Φ(G). Since b(z) = 3, |Φ(G) : CΦ(G)(z)| = 4, for 8 it cannot be
equal to, seeing that [G,z] ⊆ [Φ(G),G] and bG(z) = 3. So CA1(z) = CA2(z) = CA3(z) =
A1 ∩ A2 ∩ A3 = Z(Φ(G)). If [x, z] ∈ Z(Φ(G)), then G/Z(Φ(G)) ∼= C4 × C4, because
G′ = 〈[x, z], [Φ(G),G]〉. But this contradicts the fact that z2 ∈ Z(Φ(G)) = CΦ(G)(z). So
A1 = G′Z(Φ(G)). Furthermore, CA1(x) = CZ(Φ(G))(x) = CA1(zx) = Z(G). For w ∈ {x, xz},
we have [Φ(G),w] = [A1,w] hence [Φ(G),G] = [A1,G]. In particular |[A1,G]| = 8. Employ-
ing (1), we derive R = Φ(G)′ = [A1, x] ∩ [A1, xz] = [x,CΦ(G)(z)].
We have seen that R = 〈[x2, [x, z]]〉 = [x,CΦ(G)(z)] = [x,Z(Φ(G))]. Also |G : Z(G)| = 25,
and CZ(Φ(G))(x) = Z(G). As [Φ(G),G′] = 1 = [Z2(G),G′], Z2(G)G′ · Z(Φ(G)); further-
more, [Φ(G),G] = 〈[A1, z], [A2, z],R〉 ∼= E8. This implies that R = 〈[x, z, x2]〉 = 〈[x, z, x]2 ×
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and cl(G) = 4. This in turn entails that |G′ ∩Z(G)| 4.
As G′ ⊆ A1, G′ has to be Abelian. We have already seen that [z,Z(Φ(G))] = 1 =
[Φ(G),G, z] = 1. Furthermore, we know that Φ(G) = 〈x2, [x, z],CΦ(G)(z)〉 and therefore
[Φ(G), z] = 〈[x, z]2[x, z, x], [x, z, z]〉. Suppose that [x, z2] = 1; then [x, z2] = r where R = 〈r〉.
So r = [x, z]2[x, z, z]; as [z,Φ(G)] ⊆ Z(Φ(G)), we see that in that case [x, (zx2)2] =
[x, z]2[x, zx2, zx2] = [x, z]2[x, z, zx2] = [x, z]2[x, z, z]r = r2 = 1. Thus we may suppose that
z2 ∈ Z(G), replacing z by zx2 if necessary.
Next suppose that o([x, z]) = 2; then [x, z2] = 1 = [x, z, z], which cannot be the case since
[x, z] /∈ Z(Φ(G)) = CΦ(G)(z). So o([x, z]) = 4 and G′ ∼= C4 × E4. This necessitates [x, z]2 =
[x, z, z], in other words [x, z] is inverted by z.
We have seen that r = [x, z, x, x] i.e. [x, z, x] ∈ Z(Φ(G)) \ Z(G). Thus G′ ∩ Z(G) =
〈[x, z]2, r〉 and G′ ∩ Z(Φ(G)) = [Φ(G),G] = 〈G′ ∩ Z(G), [x, z, x]〉. In other words,
[Φ(G),G] = 〈[x, z]2, [x, z, x], [x, z, x, x]〉. Setting x = x, y = z, G is of type (4.2). 
Lemma 16. Suppose that |G| = 23. Then G is of type (4.3).
Proof. Lemma 14 says that Φ(G) is Abelian and |G′ : Φ(G′)[G′,G]| = 4.
Let [Φ(G),G]Hi G, i = 1,2 and let DHi = Di; note that |Di | = 2.
Assume that D1 = D2 := D and let D = 〈y,Φ(G)〉, G = 〈D,v,w〉. As [v,w]2 ∈ [Φ(G),G]
and 〈[v,w], [Φ(G),G]〉 = G′, we conclude that |G′| 23.
Hence D1 = D2. Let G = 〈x, y, z〉, where y ∈ D1, z ∈ D2. Let U = 〈Φ(G),y, z〉. If
w ∈ G \ U, then G′ = 〈[x,G], [Φ(G),G]〉; therefore |Φ(G) : CΦ(G)(w)|  2 and |Φ(G) :
Z(G)|  23. If bΦ(G)(G) = 1, then, according to Lemma 8 of [PSt], either |[Φ(G),G]|  2,
or |Φ(G) : Z(G)| 2. Let Φ(G) = A. We may suppose that bA(y) = 2 and that [y, z] = 1, see-
ing that My = Dy = 〈y, z,A〉. Now G \U ⊆ TA ∪CG(A) and G = 〈G \U 〉, so [G,A] ⊆ Z(G),
whence [G,A] ∼= E4, Φ(A) Z(G).
Suppose CG(A) ⊂ U. Then C = 〈w,A〉 is Abelian for some w ∈ G \ U. Yet then C is an
Abelian normal subgroup of G with bC(y) = 3 contradicting Theorem B. Thus
G \U ⊂ TA. (1)
As |[A,G]| = 3 and [A,G] = [A,x][A,xy] because of y ∈ BA, we may suppose that [A,x] =
[A,xz], in particular, z ∈ TA ∪CG(A).
Suppose that [x, z, z] = 1. Then B = 〈z,CA(z)〉 is another Abelian normal subgroup of G.
Assume that {x, xy} ⊂ BB. Since A ⊆ Dx ∩ Dy, [A,z] ⊆ [B,x] ∩ [B,xy] by Remark 1(c).
Furthermore, [x, z2] = [x, z]2 = [xy, z2] ∈ [A,x]∩[A,xy] = 1. Thus o([x, z]) = 2, and [B,x]∩
[B,xy] = [A,x] ∩ [A,xy] = 1.
Suppose that [A,z] = 1. We have just seen that this entails x ∈ TB or xy ∈ TB. If x ∈ TB, then
CA(x) = CA(z) and, as [A,x] = [A,z], [xz,A] = 1, contradicting (1). Hence CA(z) = CA(xy).
As G = 〈z, x, xy〉, we deduce that |A : Z(G)| = 4; let A/Z(G) = 〈a1, a2〉 with [a1, z] =
[a1, xy] = 1. Because of (1), there is a ∈ {a2, a1a2} centralised by no less than 3 elements
of {x, xy, xz, xyz}. But if w ∈ {x, xy, xz, xzy} and [w,a] = [wz,a] = 1, then 1 = [z,A]; if
1 = [a,w] = [a,wyz], then [A,xyz] = 1, contradicting (1), and if 1 = [a,wz] = [a,wyz] then
y ∈ TA. So
if [x, z, z] = 1, then [A,z] = 1. (2)
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(a) {y2, z2} ⊂ Z(G).
This is certainly true if |A : Z(G)| = 4, for then Z(G) = CA(y). Observe that, if it is not
true, then Z(G) < CA(y)∩CA(z) and CA(y) ⊆ CA(z). Thus, and because [y, z] = 1, [x, y, z] =
[x, z, y] = 1, whence [x, y, z] = [x, z, z] i.e. [x, z, yz] = 1. If yz ∈ BA, then CA(y) = CA(yz),
hence yz ∈ TA ∪ CG(A). If yz ∈ TA, then 〈x, yz〉 ⊆ TA and, according to Lemma 8 of [PSt],
either [A,x] = [A,z] = [A,yz] or CA(x) = CA(yz); as [A,y] = [A,z][A,yz] the second has to
be true. Since G = 〈x, yz, z〉, Z(G) = CA(y), and |A : Z(G)| = 4, a contradiction.
(b) Let G˜ = G/Z(G); since A˜ is elementary Abelian and each of y˜, z˜, y˜z is an involution, as
seen in (a), U˜ is elementary Abelian and G˜′ = 〈[˜x, y], [˜x, z]〉. If A˜ = G˜′, then U/(Z(G)G′) =
Ω1(G/(Z(G)G′)) and whenever w ∈ G \U, A = G′CA(w). Now (1) implies that G \U ⊂ TG′ .
Since we are assuming [z,G′] = 1, we obtain that |G˜′| = 4, because [x,G′] = [xz,G′].
If bG′(G) 1, then, according to Lemma 8 of [PSt], either |G′ : G′ ∩ Z(G)| 2, which we
have excluded by assumption, or |[G′,G]| 2, which entails that [A,x] = [G′, x] = [G′, xy] =
[A,y], and hence cannot be true either. So
bG′(y) = 2 or bG′(yz) = 2.
As z ∈ TG′ , either [x, y, z] = 1, or [x, y, z] = [x, z, z]. As [x, y, z] = [x, z, y], either to y ∈ TG′ ,
in the first case,or yz ∈ TG′ in the second. Furthermore, if w ∈ {y, z}, then [x,w2] = 1 =
[x,w]2[x,w,w]. Thus [x, z, z] = [x, z]2 = 1. If [x, z, y] = 1, then, as y ∈ BA, [x, y, y] =
[x, y]2 = 1. Furthermore, [x,w, yz] = [x,w]2 = 1, w ∈ {y, z}. If [x, y, z] = [x, z, z], then
[x,w, y] = [x,w]2 = 1, w ∈ {y, z}, and [x, y, yz] = [x, y]2[x, z]2 = 1. Thus, in both cases,
G′ ∼= C4 ×C4 there is s ∈ {y, yz} with every element of G′ inverted by s and CU(G′) = A.
Let v ∈ G\U, and let s inverts every element of G′. Let c ∈ G′ \Φ(G′) with [c, v] = 1. Since
{v, vs} ⊂ TG′ and [c, vs] = c2, [G′, v] = 〈c2〉. As |G \U | = 4, we may presume c centralised by
v, v′ ∈ G \ U, s¯ = t¯ . Yet then [G′, v] = [G′, v′], whence vv′ ∈ CU(G′), a contradiction estab-
lishing the truth of the claim.
Thus [x, z, z] = 1; we have seen how this entails [A,z] = 1. Then |A : Z(G)| = 4, so
Z(G) = CA(y) and {y2, z2} ⊂ Z(G). Since 〈A,y, z〉 = CG(z)G and Z(CG(z)) = 〈z,Z(G)〉,
|[z,G]| = |[x, 〈z〉]| = 2 and [z,G]  Ω1(Z(G)). Hence Φ(G) = 〈x2,G′,Z(G)〉 and so G′ =
〈[x, y],G′ ∩ Z(G)〉. Furthermore, 1 = [x, y2] = [x, y]2[x, y, y]; so o([x, y]) = 4 and [x, y] is
inverted by y. Since [A,y] = 〈[x, y, y], [y, x2]〉, we obtain [A,G] = 〈[x, y]2, [x, y, x]〉, and
G′ ∩ Z(G) = 〈[x, z], [x, y]2, [x, y, x]〉. Now set x = x, y = y, z = z, to find that G, in fact, is
of type (4.3). 
Lemma 17. If |G| = 24; then G is of type (4.4).
Proof. According to Lemmas 9, 10, and 13, there is U  G with U ′ = G′, |U : Z(U)|  16
and Z(U)  Φ(G). As |U ′| > 23, |U : Z(U)| = 16 and Z(U)  Φ(G). Furthermore, Φ(G) is
Abelian, while [Φ(G),G] ⊆ Z(U). Let g → g˜ be the canonical homomorphism G → G/Z(U).
First suppose that G′ ⊆ Z(U). Then [G,U,U ] = 1 and so cl(G) = 2 by the Three Subgroups
Lemma and because of G′ = U ′. Since G˜ now is Abelian and [U,Φ(G)] = 1, U˜ is necessarily
elementary Abelian, for if it was generated by its elements of order 4, then U would centralise
Φ(G). Thus Φ(U) ⊆ Z(U). Now let u,v ∈ U. Then 1 = [u,v2] = [u,v]2; thus G′ is elementary
Abelian. Now let u ∈ U and x ∈ G; then [x,u2] = [x,u]2[x,u,u] = 1. Hence [Φ(U),G] = 1
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Φ(G)Z(G). This cannot be the case.
Since G˜ is non-Abelian, U˜ is non-Abelian. Thus U˜ ∼= E ∗Z where E is extraspecial of order
8 and Z = Z(U˜). As [U,Φ(G)] = 1 and Z(U)  Φ(G), CU(Φ(G)) ⊃ {w ∈ U | w2 /∈ Z(U)}.
In particular U˜ cannot be generated by its elements of order 4, whence U˜ ∼= D8 × C2 with
˜CU(Φ(G)) ∼= C4 ×C2 and Z(U˜) ⊆ ˜CU(Φ(G)). Thus |[U,Φ(G)]| = 2.
Let A be the inverse image of Z(U˜) in U. Then A is a maximal Abelian normal subgroup
of U. Moreover, |U ′ : [A,U ]|  2, whence |[A,U ]|  8, thus |[A,U ]| = 8, in view of U ′ ⊂
Z(U). Note that bA(U) = 2, seeing that |A : Z(U)| > 2 < [A,U ]. Lemma 9 of [PSt] yields
U = 〈BA ∩U 〉. Let A = 〈a,Φ(G)〉 and let U = 〈A,x, y〉 where x, y ∈ BA. Then [A,U ] = G′ ∩
Z(U) = [A,x][A,y], and, as Φ(G)Dw, whenever w ∈ U and bA(w) = 2, [A,x] ∩ [A,y] =
[U,Φ(G)].
As a2 ∈ Z(U), [w,a2] = [w,a]2 = 1 where w ∈ {x, y}. Thus G′ ∩ Z(U) ∼= E8. Note that
w2 ∈ Z(U) for w ∈ {x, y} and that both Mx and My must be maximal subgroups of G and
Mx ∩ My ∩ U = A. Hence G = U(Mx ∩ My) and there is t ∈ G \ U such that Mx = 〈t, x,A〉,
My = 〈t, y,A〉. We may additionally take [t, x] = 1.
Suppose that both Z(U) = Z(G) and Z(G˜) = Φ˜(G). Then Φ(G) = G′Z(U) = U ′Z(U) and
G˜ is extraspecial. Thus U˜ = CG˜(A˜), whence A is a maximal Abelian normal subgroup of G.
Whenever w ∈ G \ U, [a,w] /∈ Z(U). Since |[Φ(G),U ]| = 2 and [w,A] ⊆ [Φ(G),G]
for w ∈ G \ U, while bA(G)  2, we see that bΦ(G)(G) = 1. Hence |[G,Φ(G)]| = 2 and
[Φ(G),G] = [Φ(G),U ] by Lemma 8 of [PSt]; for if |Φ(G) : Z(G)|  2, then necessarily
Z(U) = Z(G).
We have seen that 〈[a, x], [a, y][Φ(G),G]〉 = [A,U ] ∼= E8. As [t,Z(U)] = 1 and [A, t] ⊂
Z(U), bA(t) = 2 and G′ = [A,G] = 〈[a, t], [A,U ]〉.
Suppose that there is b ∈ Φ(G) with [bt, y] = 1 = [b, y][t, y]. Let R = [G,Φ(G)].
Then {[at, g]R | g ∈ G} ⊃ {[a, x]R, [a, y]R, [a, t]R}. Since b(G) = 3 and cl(G/R) = 2,
CG/R(atR) = CG(at)/R = 〈Φ(G),at〉; however, [at,Z(U)] = 1, which is a contradiction.
Hence we may assume that [at, y] = 1.
We know that {x2, y2, a2} ⊂ Z(U). Since [t, x] = 1, t2 ∈ CΦ(G)(x) = Z(U); accordingly,
(at)2 ∈ CΦ(G)(y) = Z(U). However, (at)2 ∈ a2t2[a, t]R, and [a, t] was supposed not to be
contained in Z(U); thus a contradiction arises.
We now know that G′ ⊆ Z(U) and that Z(U) = Z(G) or else Z(G˜) = Φ˜(G). If Z(U) =
Z(G), then, as Φ(G) ⊆ Z(G), G˜ cannot be generated by its elements of order 4; yet both the
extraspecial groups D8 ∗D8 and D8 ∗Q8 are. Indeed, if Z(U) = Z(G), then G˜ ∼= D8 ×E4.
Now suppose that G˜ is not extraspecial. Since G′ = U ′ ⊆ Z(U), this implies that G˜ =
U˜Z(G˜). Let T be the inverse image of Z(G˜) in G. Since [T ,U,U ] = 1, [T ,G′] = 1, by use
of the Three Subgroup Lemma. Now [T ,G,U ] = 1 by definition of T , and G = UT, thus
[G,T ] ⊆ Z(G) i.e. T ⊆ Z2(G). Furthermore, A = T ∩ U. Recall that [A,u] = G′ ∩ Z(U)
and [A,U ] is elementary Abelian. Let t ∈ T \ U and g ∈ G. Then [t, g] ∈ G′ ∩ Z(G),
whence [t, g2] = [t, g]2[t, g, g] = 1; this is because [g, t] is an involution and t ∈ Z2(G). Thus
[t,Φ(G)] = 1 = [t,Z(U)]. So we have Z(U) = Z(G).
We have found out that Z(U) = Z(G) and that G˜ ∼= D8 × E4 with U˜ ∼= D8 × C2. Since
the inverse image in G of the Hughes subgroup of G˜ is contained in CG(Φ(G)), we have
|G : CG(Φ(G))| = 2 = |[G,Φ(G)]|. Let T = Z2(G) as before; then A = U ∩ T . Then A is
still a maximal Abelian normal subgroup of U and [U,A] = G′ ∩ Z(G). As [s,Ms] ⊆ Z(G)
for s ∈ G, Mx ∩ My ⊆ T . Thus we may take t ∈ T . Suppose there is b ∈ A, with Mx = Mbx.
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the case. Hence for b ∈ A Mx = Mbx and, accordingly My = Mby. Thus 1(b) yields [t,A] ⊆
[x,A] ∩ [y,A] = R. Since CG(Φ(G)) = 〈xy,At〉, [A, t] = 〈[a, t]〉. If [t, x] ∈ R as well as
[t, y] ∈ R, then, as [t,A] = R, G is of type 3; we may therefore assume that [x, t] = 1 = [y, at].
As [x, y2] = 1, we have 1 = [x, y]2[x, y, y]. Since [x, y] /∈ CG(y), o([x, y]) = 4 and [x, y] is
inverted both by x and by y. So [G,Φ(G)] = 〈[x, y]2〉. Now let x = x, y = y, t = t and a = a;
furthermore, let [a, x] = v2, and [a, y] = v3; we see that G is of type (4.4). 
Lemma 18. If |G| = 25, then G is of type (4.5).
Proof. Lemmas 9 and 13 grant the existence of U  G of type 2. According to Lemma 10,
Z(U) = Φ(G) and so [u,v2] = 1 = [u,v]2 for u,v ∈ U. As G′ = U ′, G′ is elementary Abelian.
This yields that for u ∈ U and x ∈ G, [x,u2] = [x,u]2 = 1, so Φ(U) ⊆ Z(G); if x ∈ G \ U,
then G = UCG(x2), so x2 ∈ Z(G). Accordingly, Φ(G) = Z(G). Since cl(G) = 2, |[x,G]| 8,
for x ∈ G.
The following is going to be quite useful:
Let LG with |L′| 4 and let D be the inverse image of Z(G/L′) in G. Then
|D| = 4 and there is d ∈ D with b(d) = 1. (1)
Proof. If L′ H G′, then |DH | = 23 and DH L. This entails [x,G]L′ = G′ for x ∈ G \L.
Thus |D : CD(x)|  2. If |D| > 4, then DH = D whenever L′ ⊂ H  G′. The elements of D
being of breadth at most 2 anyway, we obtain b(G) 2, a contradiction. Thus |D| = 4.
We have seen that CD(x) = 1 for x ∈ G \ L. Since |D \ {1}| = 3, and |G \ | = 16, there is
d ∈ D \Φ(G) with CG(d) \L 6. But then CG(d)G, proving (1).
Next,we would like to show:
If w ∈ G with b(w) = 3,
then CG(w) contains an element of breadth at most 2 in G. (2)
Proof. Suppose otherwise and let u ∈ G with b(w) = 3 for every w ∈ CG(u) \ Φ(G). Let A =
CG(u) = 〈u,v,Φ(G)〉. Then A is a maximal Abelian normal subgroup of G with bA(x) = 2 for
x ∈ G \A; equivalently, |G : Mx | 2, x ∈ G \A. Now A is contained in 7 maximal subgroups
of G, whereas |G \ A| = 28, so if Mx  G whenever x ∈ G \ A, then there is V  G with
|{x: x ∈ G \A, Mx = V }| 4. In other words, there are x ∈ G \A and a ∈ A \Φ(G) such that
V = Mx = Max. We may take a = u.
If G = Mx for some x ∈ G \A, then certainly Mux ⊆ Mx.
Either way, we have found x ∈ G\A, and V G, such that there are y ∈ V \〈A,x〉, and a ∈ A
with [x, y] = 1 = [ux,ay] = [u,y][a, x]. As A = CG(u), a = u and we may choose v = a.
Let M = 〈x, y,u, v〉. Since [u,y] = [x, v], M ′ = 〈[u,x], [v, x], [v, y]〉, in particular |M ′| 8.
Observe that [uxy, y] = [u,y] = [v, x], and [uxy, x] = 〈[u,x]〉, whence [uxy,M] = 〈[u,xy],
[v, xy], [v, x]〉 = 〈[v, x], [v, y], [u,x]〉 = M ′. Likewise, [vxy, x] = [v, x] whence [vxy,M] =
〈[u,xy], [v, xy], [v, x]〉 = 〈[u,x], [v, x], [v, y]〉 = M ′. Moreover, [uy,M] = 〈[u,y], [v, y] ×
[u,x]〉 = M ′ = 〈[vx,M]〉 = 〈[u,x], [v, x], [v, y]〉. Suppose that |M ′| = 8; then z ∈ {uy, vx,
uxy, vxy} has [z,G] = [z,M] and, as M = 〈uy, vx,uxy, vxy〉, this implies that [M,G] =
M ′ = G′, which is a contradiction.
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obtain the existence of D M, |D| = 4, [D,G]M ′. As A \Φ(G) has no elements of breadth
less than 3, M = AD; moreover, D\Φ(G) has an element d of breadth one. But |A : CA(d)| 2,
a contradiction.
Let v ∈ G, b(v) = 3 and let 〈u,v,Φ(G)〉 = CG(v) = A. The proof now splits into two cases.
(a) Suppose there is x ∈ G with bA(x) = 2 = b(x).
Applying (2), we know that there is y ∈ CG(x)∩ TA; accordingly, [A,y] = 〈[v, y]〉 and we may
take [u,y] = 1. Let N = 〈A,x, y〉. Then N = Mvx = Muvx if and only if [v, y] ∈ [A,x].
We claim that Mvx = Muvx. Suppose not. Then N = Mvx = 〈A,x, z〉 with CG(x) =
〈x, y, z,Φ(G)〉. As [z, v] ∈ [A,x], and [az,uvx] = [a, x][v, z][u, z] for a ∈ A, Mvx = Muvx if
and only if [z,u] ∈ [A,x]. Furthermore, Mvx = Muvx = N and accordingly Muvx = 〈A,x, yz〉.
This entails the existence of a ∈ A with 1 = [ayz,uvx] = [a, x][yz,uv]. As [yz,uv] ∈
[y, v][z,u][A,x], this yields that [y, v] ∈ 〈[z,u], [A,x]〉 whence [A,G] = [〈A,x〉,G] =
〈[A,x], [z,u]〉, and, moreover, G′ = 〈[A,G], [y, z]〉. This implies that [N,vxy] = 〈[v, x], [v, y],
[u,x]〉 which is of order 8 because of [v, y] /∈ [A,x]; in particular, vxy ∈ BA and Mvxy = N.
Thus either z ∈ Mvxy, or xz ∈ Mvxy. Hence there is a ∈ A such that either [a, xy] = [z, v][z, y],
or [a, xy] = [x, v][z, v][z, y]. Either way, we conclude that [z, y] ∈ [A,G], which cannot be
true. This proves the claim.
Suppose G′ = [A,G]. Then [A,G] = [v,G]. Let M = Mvx = Muvx, thus M = 〈A,x, t〉 with
[t, x] = 1 and [A,x]  [A, t]. Then the premiss of (1) applies to M, because M ′ = [A,M],
M ′ = [A,x] = [M,v]. Let D be the inverse image of Z(G/[A,x]) in G. Then (1) says that
|D| = 4 and that there is d ∈ D with b(d) = 1.
As M ′ = [M,v]  [v,G] = [〈A,x〉,G], we obtain that d ∈ 〈A,x〉. As bA(x) = 2, d¯ ∈
{u¯, u¯v}.
Let G = 〈M,s〉 with [s, x] = [s, d] = 1. This is possible since [G,d] = 〈[x, d]〉. Fur-
thermore, G′ = 〈[A,x], [v, s], [t, s]〉. Now consider the element vxs. As [vxs, x] = [v, x],
[vxs, s] = [v, s], [vxs,u] = [x,u], and [vxs, t] = [v, t][s, t], it turns out that if b(vxz) < 4,
then |G′| < 24.
We have shown that G′ = [A,G]. Suppose [y, v] /∈ [A,x]; we have seen that then
Mvx = Muvx = 〈A,x, z〉, where CG(x) = 〈Φ(G),x, y, z〉. Thus [az, vx] = [a, x][v, z] =
1 = [bz,uvx] = [b, x][uv, z] for suitable elements a, b of A. But then [A,z]  [A,x] and
[A,G] = 〈[A,x], [v, y]〉, which is a contradiction.
We have seen that N = Dx and [A,G] = G′ = [A,x][A,z]. Since [y, v] ∈ [A,x], we ob-
tain N ′ = [A,x] = [N,v]. Let D be the inverse image of Z(G/[A,x]) in G. As before, there
is d ∈ D \ Φ(G) with b(d) = 1. Clearly, D = 〈x, d〉 and [d,G] = 〈[d, v]〉, while [A,x] =
〈[v, x], [v, d]〉. If CCG(x)(d)  N, then we may assume that G = 〈N,z〉 with [z, d] = 1 = [x, z].
But then [vz,A] = [z,A], while [vz, x] = [v, x] and [vz, d] = [v, d], hence b(vz) = 4. So
CG(x) ∩ CG(d) = CN(x) = 〈x, y〉 and CG(x) = 〈x, yz〉 with [z, d] = [z, y] = [v, d]. Let a ∈
CA(d) \Φ(G). Then [az, x] = 1 = [az, d]. Since every element of G \N is centralised by some
element of D \ Φ(G), we conclude that [az, xd] = 1 = [a, x][z, d] = [a, x][v, d]. If we could
take d = xy, then [xy,uv] = 1 = [x,uv][y, v]; but that does not fit in with 1 = [uv,x][v, xy].
So d¯ = y¯ and [u,x] = [v, y] = [z, y]. Letting v = v, z = x, u = v1, x = v2, y = v3, it is—
hopefully—obvious that G is indeed of type (4.5).
(b) Assume that if w,x ∈ G, b(w) = 3 and bCG(w)(x) = 2, then b(x) = 3.
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CG(s)CG(t) = CG(s)CG(st) for any 2 elements s, t of G with b(s) = b(t) = 3 and CG(s) ∩
CG(t) = Φ(G).
Let CG(x) = 〈Φ(G),x, y〉. If w ∈ G \ A and bA(w) = 2, then we are forced to assume
b(w) = 3; by (2), CG(w) contains some element t with b(t)  2, hence t ∈ TA. Accordingly,
[A,Mw] = 〈[A,w], [v, t]. As Mw = Mvw, [v, t] ∈ [A,w], that Mw = Dw for any w ∈ BA and
M ′w = [A,w] = [v,Mw].
Since b(v) = 3, we may apply [PSt, Lemma 9], to obtain that G = 〈BA〉, so there is
z ∈ G \ Mx with bA(z) = 2, thus b(z) = 3. If x ∈ Mz, then [A,x] = [A,z] = [v,G],
thus Mx = 〈x,Mx ∩ Mz〉 and Mz = 〈z,Mx ∩ Mz〉. Let Mx ∩ Mz = 〈A,y〉. Then y ∈ TA,
we take [y,u] = 1. Now (Mx)′ = [A,x] and (Mz)′ = [A,z]; this implies that D[v,G] =
Mx ∩ Mz = 〈Φ(G),y,A〉. There is a ∈ A with [ay, z] = 1. If [y, z] = 1, then D[x,G] =
CG(x)CG(v) ∩ CG(x)CG(z) = 〈Φ(G),x, y,u, v〉 ∩ 〈Φ(G),x, y, ay, z〉 = 〈Φ(G),x, y, a〉; this
is achieved by swapping the roles of CG(x) and CG(v) in the above. In the same way, we obtain
D[z,G] = CG(z)CG(x)∩CG(z)CG(v) = 〈Φ(G), z, a, y〉 replacing A by 〈Φ(G), z, ay〉. But now
〈Φ(G),a, y〉 = D[v,G] ∩D[x,G] ∩D[z,G]. Moreover, as D[x,G] = D[v,G], we know that [x,G] =
[v,G]. Hence [A,x] = 〈[v, x], [v, y]〉 = [G,x] ∩ [G,v]. Analogously, [G,v] ∩ [G,z] = [A,z];
thus |[G,v] ∩ [G,x] ∩ [G,z]| = 2. But then G would have to be of type 3.
We have seen that [z, y] = 1. However, 1 = [vx, y] and vx ∈ BA. So b(vx) = 3 and there
is b ∈ A with [vx, by] = 1. Replacing x by vx throughout, we find that we ought to be able to
choose b such that [by, vx] = [by, z] = 1 = [b, z], which contradicts the choice of z.
We may thus assume that Mx = Mvx and [y,u] = 1. Accordingly, let Mvx = 〈A,vx, z〉 where
z ∈ G\Mx and [z, vx] = 1. As bA(vx) = 2, b(vx) = 3. Hence we may assume that b(z) = 2 and
hence either [z,u] = 1 or [z,uv] = 1. First suppose that [z,uv] = 1, i.e. [z,u] = [z, v] = [z, x].
Then [yz,A] = 〈[z, v], [y, v]〉 and yz ∈ BA; therefore b(yz) = 3. From [z,ux] = [z,u][z, x] =
[z, vx] = 1, we obtain that Mux = 〈A,x, y, z〉 = G; however, as ux ∈ BA b(ux) = 3, so this is
impossible. Hence [z,u] = [y,u] = 1.
Now consider the maximal Abelian normal subgroup C = 〈x, y,Φ(G)〉 instead of A. As
Mvx = 〈vx, z, x, y〉, either [z, y] = 1, or [z, xy] = 1. Now if [z, xy] = 1, then CG(xy) 
〈x, y, z〉, which of necessity entails [xy,uv] = 1. But then [y, v] = [x,uv] and [uvy, vx] = 1
whence Mx = Mvx, a contradiction. So [z, y] = [z,u] = 1.
Let B = 〈Φ(G), y,u, z〉; then B is a maximal Abelian normal subgroup of G.
Suppose that [A,x] ⊆ [v,G] i.e. [u,x] ∈ [v,G]. As [v, z] = [v, x] ∈ [v,G] ∩ [A,x], this
implies that [G,v] = [G,x]. Yet then G′ = 〈[v, x], [B,v], [B,x]〉 = [x,G] = [v,G], and so
|G′| = 23. So G′ = 〈[u,x], [v,G]〉.
Since [z, v] = [z, x], |[B,G]| 23; as G′ = 〈[B,G], [v, x]〉, we see that |[B,G]| = 23. Now
let x = x and v = v, while v1 = u, v2 = y, and v3 = z, u3 = [x, z] to identify G as being a group
of type (4.5). 
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